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ABSTRACT 

 

A numerical investigation was conducted to explore the influence 

of magnetic field and the electric conductivity of container walls 

on the swirling flow of a hybrid nanofluid. In this study, a 

stationary inner wall and a rotating outer wall with a fixed Ω were 

considered within the annular between coaxial cylinders. Radial 

application of a magnetic field was utilized to assess its impact on 

the average Nusselt number. The mathematical model, formulated 

by differential equations, was solved using the finite volume 

method. The study examined the variations in azimuthal velocity, 

temperature, and Nusselt number with increasing magnetic 

intensity.  Therefore, it can be concluded that the control of heat 

transfer efficiency increasingly relies on the combined influence of 

magnetic field intensity and the electrical conductivity of walls. 

The findings revealed that higher magnetic Hartmann numbers led 

to elevated temperature distribution and azimuthal velocity within 

the annulus center. Moreover, electromagnetic damping exhibited 

a more pronounced impact on heat transfer when all walls were 

electrically conductive, resulting in a 90% improvement in heat 

transfer with the hybrid nanofluid. 

© Published at www.ijtf.org

 
 

1. Introduction 

The utilization of hybrid nanofluids in 

modern industry has emerged as a promising 

strategy for enhancing heat transfer efficiency 

in various applications. Hybrid nanofluids, 

consisting of a base fluid with dispersed 

nanoparticles, offer unique thermal properties, 

significantly improving heat transfer compared 

to conventional fluids. Several notable papers 

introducing simulations of heat and mass 

transfer of hybrid nanofluids in this field can 

be found in references [1–6]. These nanofluids 

enhance thermal conductivity, convective heat 

transfer coefficients, and heat capacity, making 

them ideal for heat exchange systems in 

diverse industrial processes like cooling 

systems and thermal energy storage. 

Incorporating hybrid nanofluids into industrial 

equipment can achieve higher heat transfer 

rates, and improved energy, contributing to 

modern industrial practices' advancement and 

sustainability [7–9].  
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Ongoing research continues to explore 

potential applications and optimization of 

hybrid nanofluids to further enhance heat 

transfer performance across various industrial 

sectors [10-11].  

Recently, research focus has shifted 

towards hybrid nanofluids due to their 

potential for enhancing heat transfer rates.  

Despite this, research on hybrid nanofluids 

remains relatively limited, with ongoing 

experimental studies exploring their properties 

and applications. Recent advancements in 

hybrid nanofluid research reflect a heightened 

interest in this field, with ongoing 

experimental studies indicating an intensified 

exploration [12]. 

Fluid circulation in annular geometries 

offers numerous benefits across various 

industrial applications, including cooling in 

electronics. Annular geometries provide an 

effective solution for efficient heat dissipation, 

essential for maintaining optimal performance 

and prolonging component lifespan in 

electronics. Circulating fluid through an 

annular space enhances heat transfer through 

increased surface area contact between the 

fluid and heated components, resulting in more 

efficient cooling and temperature regulation 

[13-16]. Annular geometries also allow for 

compact designs and efficient space utilization, 

making them suitable for applications with 

significant size and weight constraints [17-21]. 

Research into the behavior of fluids under 

magnetic field influence, known as 

magnetohydrodynamics (MHD), has gained 

significant attention due to its broad 

applications in medical and industrial contexts. 

The interaction between magnetic fields and 

electrically conductive fluids generates a 

resistive force called the Lorentz force, crucial 

for applications like nuclear reactor cooling. 

Both liquid metals and nanofluids enhance 

heat transfer and cooling processes, offering 

potential advancements in cooling 

technologies [22-26]. Researchers are 

interested in studying nanofluids in rotating 

environments under a magnetic field, 

employing numerical and analytical 

approaches to explore their intricate 

relationship. In recent studies, researchers have 

conducted experiments involving the addition 

of two or more types of nano-sized particles 

Nomenclature 

B magnitude of the external magnetic 

field (Tesla) 

Greek symbols 

H height of the cylinder (m) α Thermal diffusivity of the fluid (m2/s) 

Ha Hartmann number  thermal expansion coefficient (1/K) 

Nu localNusselt number  Dimensionless temperature 

Nu  averageNusseltnumber ν Kinematic viscosity of the fluid (m2/s) 

P dimensionless pressure λ   thermal conductivity  (w/ m. C) 

Pr Prandtl number  density of the fluid (kg/m3) 

R annular gap  electric conductivity ( /m) 

r, θ,z dimensionless spatial coordinates  dimensionless electric potential 

ri inner radius(m) Ω angular velocity (rad/s) 

ro outer radius(m)  volume fraction  

Re Reynolds  number Subscripts 

Ra Rayleigh number f fluid 

T temperature (K) p solid phase 

u,v,w dimensionless radial, axial, azimuthal 

velocity components 

nf nanofluid  

U coefficient of determination hnf hybrid nanofluid 
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into the same base liquid, resulting in what is 

known as a hybrid nanofluid [27-28]. This 

combination of nanoparticles in a single base 

liquid introduces unique properties not found 

in individual nanomaterials.      References 

[29–33] include recent research on 

magnetohydrodynamic (MHD) flow of 

nanofluids, as well as studies on MHD flow 

over a stretching surface and a stretching 

porous sheet. These studies provide valuable 

insights into the complex MHD mixed 

convection flow behavior of nanofluid on a 

permeable stretching sheet, with implications 

for various industrial applications. In 

references [34-36], discussions revolve around 

heat transfer enhancement in boundary layer 

flow of hybrid nanofluids attributed to variable 

viscosity and natural convection, as well as 

magnetohydrodynamic (MHD) nanofluid flow 

influenced by gyrotactic microorganisms. 

Madani et al. [37] focused on studying heat 

transfer via natural convection of nanofluids in 

an electrically conductive enclosure. This 

study aims to demonstrate the importance of 

wall electrical conductivity in enhancing heat 

transfer in swirling nanofluid flow within an 

enclosure. Additionally, the study seeks to 

determine the maximum magnetic field 

intensity associated with enhanced heat 

transfer and identify the optimal scenario 

among the four cases studied. 

The motivation behind the present work 

lies in the fact that there is limited research 

focusing on cooling hybrid nanofluids in 

annular geometries with swirl flow under the 

influence of a magnetic field. The novelty 

contribution is exploring the behavior of 

hybrid nanofluids under radial magnetic fields 

through numerical simulations. Additionally, 

these studies aim to analyze the impact of 

parameters such as magnetic field strength and 

electrical conductivity on temperature 

distribution, velocity, and Nusselt number. 

 

 2. Definition and mathematical model 

The present study delves into the analysis 

of mixed convection flow within an annulus 

formed between two coaxial cylinders. The 

hybrid fluid consists of copper (Cu) and 

graphene oxide (GO) nanoparticles dispersed 

within a kerosene oil base fluid moving in this 

annulus. While the outer cylinder rotates at an 

angular velocity Ω, the inner cylinder remains 

static. The annular geometry is characterized 

by R = 1 - (ri/ro), where ri and ro represent the 

radii of the inner and outer cylinders, 

respectively. 

Numerical simulations are executed under 

specified conditions, featuring an aspect ratio 

A=H/ro of 1 and an annular gap R=0.9. These 

simulations entail the consistent imposition of 

a radial magnetic field denoted as B0. 

Additionally, the outer cylinder maintains a 

heat temperature Th slightly higher than that of 

the inner wall temperature (Tc), as illustrated in 

Fig . 1. The study compares two scenarios: one 

where electrical insulation is assumed, and the 

other where all walls are considered 

electrically conducting. Furthermore, the 

physical model is scrutinized based on several 

assumptions, including laminar flow and 

neglecting joule heating, thermal radiation, 

viscosity dissipation, and the Hall effect. The 

nanoparticles, characterized by cylindrical 

shape (with n=6), exhibit uniform size 

distribution within the nanoparticle dispersion  

(Table 2). Both the base fluid and 

nanoparticles are managed to maintain thermal 

equilibrium. The hybrid nanofluid consists of 

GO-Cu nanoparticles suspended in a kerosene 

oil (50% - 50%) mixture (Table 1). 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1 Geometry of model 
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Scaling is applied to length, velocity, 

pressure, and electric potential by 𝑟𝑜 , 

𝛺𝑟𝑜  , 𝜌𝑓(𝛺𝑟𝑜)
2 , and 𝐵0Ω𝑟𝑜

2 , respectively.. 

Consequently, the governing equations for the 

hybrid nanofluid are expressed in steady flow 

conditions. 

 

• Mass conservation 

𝛻𝑈 = 0     (1) 

• Momentum conservation law: 

𝑈. 𝛻𝑈 + 𝛻𝑃 = +
1

𝑅𝑒𝑓
(
𝜇ℎ𝑛𝑓𝜌𝑓

𝜇𝑓𝜌ℎ𝑛𝑓
)𝛻2𝑈 +  

(
𝑅𝑎𝑓

𝑃𝑟𝑓𝑅𝑒𝑓
2) (

(𝜌𝛽)ℎ𝑛𝑓

𝛽𝑓𝜌ℎ𝑛𝑓
)𝛩 + (

𝜎ℎ𝑛𝑓𝜌𝑓

𝜎𝑓𝜌ℎ𝑛𝑓
)
𝐻𝑎𝑓

2

𝑅𝑒𝑓
(𝐽 × �⃗⃗�) (2) 

 

• Energy conservation: 

U. 𝛻𝛩 =
𝛼ℎ𝑛𝑓

𝛼𝑓𝑅𝑒𝑓𝑃𝑟𝑓
(𝛻2𝛩)   (3) 

The presence of a magnetic field 

interacting with a convective flow can lead to 

the generation of an electric current, a concept 

elucidated by Faraday's law of electromagnetic 

induction. This occurrence arises from the 

relative movement between a conductor (or 

conducting fluid) and the magnetic field, 

generating an electromotive force (EMF) and 

consequently inducing an electric current (J). 

In elucidating the electric potential's behavior 

(Φ), we can apply Ohm's law in the following 

express : 

 

𝛻2𝛷 −  𝛻. (𝑈×𝑒r) = 0      (4) 

𝐽 = 𝑈 × 𝑒r − 𝛻𝛷       (5) 

𝐹𝑀 = 𝐽 × �⃗⃗�       (6)  

 

These parameters are defined as: 

{
 
 
 

 
 
 𝑅𝑒𝑓 =

Ω𝑟𝑜
2

ν𝑓
,           Reynolds number 

𝑅𝑎𝑓 =
𝛽𝑓𝑔∆𝑇𝑟𝑜

3

νfαf
, Rayleigh number

𝐻𝑎𝑓 = 𝐵𝑟𝑜√
𝜎𝑓

𝜌𝑓𝜈𝑓
, Hartmann number

  𝑃𝑟𝑓 = 𝜈𝑓 𝛼𝑓⁄ ,            Prandtl number

    (7)  

Considering the initial and boundary 

conditions, velocities along all walls are set to 

zero in compliance with the No-slip conditions. 

Adiabatic conditions are imposed on the upper 

and lower walls, while the exterior (Th) and 

Table .1 Thermo-physical properties [9] 

Parameter hybrid nanofluid 

Density 𝜌ℎ𝑛𝑓 = (1 − φ2)[(1 − φ1)𝜌𝑓 + φ1𝜌𝑃1] + φ2𝜌𝑃2 

Dynamic 

viscosity 
𝜇ℎ𝑛𝑓 =

𝜇𝑓

(1 − 𝜑1)
2.5(1 − 𝜑2)

2.5
 

Heat 

capacity 
(𝜌𝐶𝑝)ℎ𝑛𝑓 = (1 − 𝜑2) [(1 − 𝜑1)(𝜌𝐶𝑝)𝑓

+ 𝜑1(𝜌𝐶𝑝)𝑃1]
+ 𝜑2(𝜌𝐶𝑝)𝑃2 

Expansion 

coefficient 
(𝜌𝛽)ℎ𝑛𝑓 = (1 − φ2)[(1 − φ1)(𝜌𝛽)𝑓 + 𝜑1(𝜌𝛽)𝑃1] + 𝜑2(𝜌𝛽)𝑃2 

Conductivity 

𝑘ℎ𝑛𝑓

𝑘𝑛𝑓
= [

𝑘𝑃2+(𝑛−1)𝑘𝑛𝑓−(𝑛−1)(𝑘𝑛𝑓−𝑘𝑝2)𝜑2

𝑘𝑝2+(𝑛−1)𝑘𝑛𝑓+𝜑2(𝑘𝑛𝑓−𝑘𝑝2)
],  Where 

𝑘𝑛𝑓

𝑘𝑓
= [

𝑘𝑃1 + (𝑛 − 1)𝑘𝑓 − (𝑛 − 1)(𝑘𝑓 − 𝑘𝑝1)𝜑1

𝑘𝑝1 + (𝑛 − 1)𝑘𝑓 + 𝜑1(𝑘𝑓 − 𝑘𝑝1)
] 

Electrical 

conductivity 
𝜎ℎ𝑛𝑓 = 𝜎𝑛𝑓 [

𝜎𝑝2+2𝜎𝑛𝑓−2𝜑2(𝜎𝑛𝑓−𝜎𝑝2)

𝜎𝑝2+2𝜎𝑛𝑓+𝜑2(𝜎𝑛𝑓−𝜎𝑝2)
], Where 𝜎𝑛𝑓 = 𝜎𝑓 [

𝜎𝑝1+2𝜎𝑓−2𝜑1(𝜎𝑓−𝜎𝑝1)

𝜎𝑝1+2𝜎𝑓+𝜑1(𝜎𝑓−𝜎𝑝1)
] 

Table 2 Properties of the base fluid and 

nanoparticles (Cu, GO) 
Substances (Kerosene-

oil)[26] 

(Cu)[14] (GO)[28] 

μ(kg/m.s) 0.00164 - - 

Cp(J/kg.K) 2090 385 717 

κ(W/m.K) 0.145 401 5000 

σ(S/m) 50 5.96×107 6.3×107 

ρ(kg/m3 783 8933 1880 

β(1/K) 9.6×10-4 1.67×10-5 2.84×10-4 
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interior (Tc) boundaries of the annulus 

maintain constant temperatures. In cases where 

all walls exhibit electrical conductivity, the 

boundary conditions for electric potential are 

intricately linked to the electrical properties of 

the wall, including its thickness and 

conductivity (ew, σw). The formulation for the 

electric potential is provided in reference [1]. 

Jr = −k𝑤
∂

∂r
(Jr )                    (8) 

−
∂Φ

∂r
= −k𝑤

∂

∂r
(
∂Φ

∂r
)    (9) 

The magnetic boundary condition in the 

(EC-walls) case, after integration, can be 

expressed as : 

 Φ = kw
∂Φ

∂r
   (10) 

Here, the conductance ratio is denoted by : 

 𝑘𝑤 =
𝜎𝑤𝑒𝑤

σhnf
𝑅 .   (11) 

For the case of electrically insulated walls, 

the normal derivative of electric potential is set 

to zero, ensuring no electric current 

perpendicular to the interface between the fluid 

and insulating walls. This implies that the 

potential of the upper and lower disks is 

determined by the condition (∂Φ/∂z=0). 

The heat transfer is characterized by the 

local and average Nusselt numbers, denoted as: 

{
𝑁𝑢(𝑟, 𝜃) =

𝑘ℎ𝑛𝑓

𝑘𝑓
(
𝜕Θ

𝜕𝑧
)|
𝑟=𝑟𝑖 

𝑁𝑢̅̅ ̅̅ = (
1

𝜋
) ∫ ∫ 𝑁𝑢

2𝜋

0

1

0
(𝑟, 𝜃)𝑟𝑑𝜃𝑑𝑟

  (10)  

The boundary conditions are as:  

• At the upper disk, z =
H

ro
,    

U(u, v,w) = 0, 
∂Θ

∂z
= 0 , 

∂Φ

∂z
= 0, 

• At the bottom disk  (z =  0) 

   U(u, v, w) = 0, 
∂Θ

∂z
= 0 , 

∂Φ

∂z
= 0. 

• At the stationary inner wall (r =  ri/ro ) 
-When all walls are electrically insulating  

U(u, v,w) = 0, Θ = 0,  
∂Φ

∂z
= 0 (EI-walls) 

-When all walls are electrically conducting 

Φ = k
∂Φ

∂z
  (EC-walls)  

• At the rotating outer wall ( 𝑟 =  1)  
𝑢 = 𝑣 = 0, 𝑤 = 1 ,Θ = 1 , 
𝜕Φ

𝜕𝑧
= 0 where (EI-walls) ), 

 or Φ = 𝑘
𝜕Φ

𝜕𝑧
, where  (EC-walls). 

• For geometrical symmetry are: 

𝑈(𝑟; 𝜃;   𝑧) = 𝑈(𝑟;   𝜃 + 2𝜋;   𝑧). 

3. Calculation method and grid dimensions 

The governing equations are discretized 

using the finite volume method, allowing for 

numerical solutions on a discrete grid. 

Specifically, the central difference method 

approximates diffusion terms, while the 

convective terms are handled using the 

QUICK technique [38]. The coupling between 

pressure and velocity is addressed using the 

SIMPLER algorithm. To evaluate grid 

dependence, simulations are conducted on 

three different meshes. As the Hartmann 

number (Ha) increases, the Hartmann layers 

near walls thin out, with a thickness of 

approximately ~1/Ha. Consequently, non-

uniform grids are used for simulations with Ha 

values ranging from 0 to 50. Specifically, a 

grid of 55×100×55 nodes is employed for Ha 

values from 0 to 10, and 75×110×75 nodes for 

Ha exceeding 10. Grid independence is 

assessed by testing Ha values of 0 to 10, and 

Ha>10. Details of the grid and results for each 

case are summarized in Table 3. A comparison 

of average Nusselt values on the inner wall 

indicates changes smaller than 2%, confirming 

the appropriateness of the chosen grid. 

Convergence at each time step is considered 

achieved when the greatest residual error of the 

continuity equation across all control volumes 

falls below 10-5. 

Table3. Grid sizes test 
0≤Ha≤10 Ha>10 

Mesh(r, θ, z) 𝑵𝒖̅̅ ̅̅  (r, θ, z) 𝑵𝒖̅̅ ̅̅  

50×100×50 2.892 65×110×65 5.193 

55×100×55 2.734 75×110×75 5.012 

60×100×60 2.731 80×110×80 5.011 

 

4. Results and discussion 

The interplay of electrically conductive 

fluids with external magnetic fields sets fluid 

in motion via the Lorenz force. The presence 

of insulating walls greatly influences system 

behavior, giving rise to characteristic layers 

such as the Hartmann layer, which impedes 

fluid motion near conductive boundaries, and 

the Robert layer, promoting fluid mobility near 

insulating surfaces. Electromagnetic 
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stabilization is fundamental in comprehending 

how conducting fluids behave in magnetic 

fields, chiefly driven by induced electric 

currents due to the Lorentz force, notably 

observable in rotating fluid configurations like 

small and moderate cylinders. 

In all simulations, the fluid is confined 

within a cylinder with a height-to-radius (H/R) 

ratio. Kerosene oil serves as the base fluid, 

with nanoparticles chosen to achieve a solid 

volume fraction (ϕ=0.01). The Reynolds 

number is maintained at Re = 1000, and 

calculations are conducted across various 

Hartmann numbers (0≤Ha≤50) and Raleigh 

numbers (Ra=105). 

The primary aim of this section is to 

investigate the impact of magnetic fields on 

fluid characteristics, including Nusselt number 

(Nu), temperature (Θ), and azimuthal velocity 

(w). A comparison is drawn between the 

magnetic damping effects observed in a hybrid 

nanofluid and a kerosene oil-based fluid. 

Additionally, the section aims to elucidate the 

distinctions between scenarios with electrical 

insulation of all walls (EI walls) and perfect 

electrical conduction of all walls (EC walls) 

 

4.1Validation 

A comparison was conducted with the 

Alsaedi et al. [28] present numerical findings, 

depicted in Fig. 2, exploring the influence of 

magnetic parameters (M) on dimensionless 

temperature (Θ) within a numerical 

investigation on the flow of a hybrid nanofluid 

containing graphene oxide (GO) and copper 

(Cu) nanoparticles suspended in a Kerosene oil 

base fluid confined between two coaxial 

cylinders. The analysis demonstrates a 

decrease in temperature with higher magnetic 

field strengths. Furthermore, the comparison 

highlights a strong consistency among the 

derived values, with the maximum disparity 

falling below 2%, considered insignificant 

within the scope of a numerical analysis. 

 
Fig. 2.  Comparison with the numerical result 

of Alsaedi et al. [28], which gives Θ  via M 

 

4.2 Electrically insulating walls 

 

In scenarios where all walls are insulating, 

electric current lines within the fluid form 

closed loops, contained by the insulating 

medium. The Hartmann layers predominantly 

concentrate on the inner and outer walls in this 

configuration. The presence of a radial 

magnetic field induces alterations in the 

convection of the nanofluid. This effect is 

attributed to the Hartmann layers near both the 

inner and outer walls, along with the 

development of Roberts layers near the bottom 

and top walls of the pool. The interplay of 

these layers and the radial magnetic field 

contributes to the observed changes in 

convection within the nanofluids. 

Fig.3 elucidates the effects of an 

increasing magnetic field on the temperature 

(Θ) of Kerosene oil and hybrid nanofluid 

(GO /Cu/Kerosene oil) under the conditions of 

Ra=105 and Re=1000. Isothermal contours are 

depicted at the meridional plane (r=0) and the 

middle plane (z=1/2). The plot incorporates 

two values: Ha=0, represented by a solid line, 

and Ha=20, represented by a dashed line, 

superimposed on temperature (Θ) graphs. 

The temperature contours exhibit a 

symmetrical shape at each Ha; however, they 

manifest different behaviors as Ha increases. 

For the case of Ha=0, where convection 

dominates the flow regime, buoyant forces 

generated due to fluid temperature differences 

cause the fluid to ascend in the middle and 

descend on the sides of the pool. For Ha=0, the 

0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0

0,0

0,2

0,4

0,6

0,8

1,0

1,2

1,4

1,6

1,8



r

 Alsaedi et al.[28] M=1

 Alsaedi et al.[28] M=4

 Present work M=1

 Present work M=4
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temperature distribution becomes round and 

exhibits two peaks, the first one adjacent to the 

inner wall and the other leaning against the 

outer wall (refer to Fig. 3 below). For Ha=20, 

the shape of the distribution of the contours 

changes completely, becoming elliptical near 

the inner wall and circular near the hot wall. 

As the Hartmann number increases, the 

maximum temperature is more distributed 

towards the outer wall. 

Fig. 4 compares hybrid nanofluid with the 

base fluid via the local Nusselt number plotted 

at the inner wall (θ=0) when Ha=0. The close 

positioning of local Nusselt lines is observed, 

suggesting that the enhancement in heat 

transfer may not be deemed significant. 

However, it is noteworthy that marginal 

improvements in thermal transfer are 

demonstrated by the hybrid nanofluid 

compared to the base fluid. 

. 

Fig. 3.  Isotherms at meridional plane (top) and 

isotherms at middle plane (below) for 

(Kerosine oil), and hybrid nanofluid  when 

Ha=0 and Ha=20  

 

For a deeper understanding of this 

phenomenon, Fig. 5 depicts the spatial 

temperature structure at Θ = 0.95. A 

comparison between Kerosene oil and hybrid 

nanofluid when Ha=0 reveals that the highest 

temperature emerges in the central region, 

resembling a spinning top iso-surface. With 

increasing Hartmann number (Ha=20), subtle 

changes are observed for Kerosene oil, while 

the shape undergoes a complete transformation 

for the hybrid nanofluid. This transformation 

may be attributed to the weakening of buoyant 

forces, countered by the intensified Lorentz 

force, particularly pronounced due to the 

development of Hartmann layers near the inner 

and outer walls. 

 

 
Fig. 4. Local Nusselt at Ha=0 

 
 

Fig. 5. Spatial structure of temperature for the 

iso-value Θ = 0.95. 

 

To grasp the influence of an increased 

magnetic field on a hybrid nanofluid 

(GO/Cu/Kerosene oil), Fig. 6 presents a 

comparative analysis. The temperature and 

azimuthal velocity profiles at z = 1/2 are 

depicted for Hartmann numbers (Ha) of 20 and 

40. Upon examining the structural cuts (r, θ), it 

becomes apparent that there exists a subtle 

discrepancy between Θ and w at Ha=20 and 

Ha=40. Notably, a significant disparity arises, 

particularly within the circular half-annulus, 
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where the temperature reaches its maximum 

value (Θ=0.95). 

Conversely, the azimuthal velocity 

distribution displays a noticeable decline from 

the inner wall towards the midpoint of the 

annulus. This behavior can be explained by 

examining the areas near the rotating wall and 

those neighboring the inner wall, where 

electric current lines intersect perpendicularly 

with the magnetic field (B), resulting in an 

intensified Lorentz force. In summary, the 

observed fluctuations in temperature and 

azimuthal velocity under stronger magnetic 

fields can be attributed to the shifting 

dominance of electromagnetic forces over 

viscous forces with increasing Hartmann 

numbers, leading to distinct fluid behavior 

within the designated regions of the annulus. 

 
 

Fig.6. Comparison between Ha=0 and Ha=20 

for hybrid nanofluid at the middle plane 

(z=1/2). 

 

For more details, Fig.7 illustrates the 

influence of increasing the magnetic field 

intensity from 10 to 40. The profile of 

dimensionless azimuthal velocity w at r=0.2 

(Fig.7a), and temperature plotted r=0.2 (Fig.7b)  

shows that increasing Ha has a double effect, 

one increases the velocity and decreases the 

temperature.  The rise in azimuthal velocity (w) 

is more significant in the hybrid nanofluid. 

Conversely, the temperature reduction is more 

pronounced in the hybrid nanofluid than in the 

kerosene oil. 

Fig. 7c showcases the influence of the 

Hartmann number (Ha) on the local Nusselt 

number at the inner wall (θ=0), comparing a 

hybrid nanofluid and a Copper nanofluid. The 

analysis indicates that the Nusselt number 

escalates with increasing Ha for both 

nanofluids. Particularly noteworthy is the more 

pronounced enhancement in the hybrid 

nanofluid when Ha=10, while nearly identical 

values are observed for both nanofluids when 

Ha=40. An intriguing observation is that the 

Nusselt profile attains its peak at the same 

heights (z=0.2 and z=0.8) and in z=1/2 it 

reaches a minimum. 

 

4.3 Electrically conducting all walls 

To gain a deeper insight into how 

electrical conductivity in the presence of a 

magnetic field influences convection in hybrid 

nanofluids, we assume perfect electrical 

conductivity for the inner and outer walls of 

the pool, excluding the bottom and top disks. 

In this scenario, according to the thin wall 

theory, the electric potential remains constant 

across the wall, indicating that the wall current 

density is tangential. It's important to highlight 

that the introduction of electrical conductivity 

to the inner and outer walls eliminates the 

presence of the Hartmann layer, allowing the 

fluid to move under the influence of inertial 

forces. 
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Fig. 7: (a) Dimensionless temperature, (b) 

Azimuthal velocity w at r=0.2, and (c) Local 

Nusset number at inner wall 

 

To explore the impact of an increasing 

magnetic field on the flow field, Fig.8 

compares the electric conductive walls case 

with earlier findings in the context of an 

insulating case. Isotherms contours are shown 

at the meridional plane (r=0) when Ha=10. The 

plot incorporates two cases: electrically 

insulating walls (EI), represented in the top, 

and electrically conducting walls (EC) 

represented below in Fig.8, superimposed on 

temperature (Θ) and azimuthal velocity (w) 

graphs. The temperature contours have a 

symmetrical shape in each case. For the (EC) 

case, the figure shows that the value Θ=0.95 in 

the case (EC) changes the position compared 

to the case (EI) and the large value of Θ takes a 

larger area for (EC). For the azimuthal velocity, 

the buoyant forces generated due to the fluid 

temperature differences cause the fluid to rise 

in the middle for the (EC) case. 

Fig.9 compares two cases: electrically 

insulating walls (EI) and electrically 

conducting walls (EC) for two values Ha=10 

and Ha=20. The profile of azimuthal velocity 

w (Fig.9a) and dimensionless temperature 

(Fig.9b) plotted at r=0.2 shows that increasing 

Ha has a double effect, one increases the 

velocity and decreases the temperature. 

Observations indicate that, in the scenario with 

(EC) and Ha=20, the temperature profile 

exhibits two peaks, with θ=0.42 at z=0.1 and 

Z=0.9. In contrast, in the case of (EI), a single 

peak with θ=0.2 is observed at z=0.5. For the 

profile of dimensionless azimuthal velocity in 

the case of (EC), the profile exhibits two peaks, 

for Ha=10 and Ha=40, respectively. The 

profile of w forms an arc with small values in 

comparison with the case (EC). 

 Fig. 9c shows magnetic damping in an 

electric conducting case (EC) and insulating 

one on the local Nusselt number at the inner 

wall (θ=0) when using a hybrid nanofluid. The 

observation reveals that the Nusselt number 

increases with the rising Ha from Ha=10 to 

Ha=40. Notably, there is a more significant 

enhancement in the hybrid nanofluid when the 

walls are electric conducting. The Nusselt 

profile reaches its maximum at the same 

heights (z=0.1 and z=0.9) and minimum at the 

midpoint of the annular pool (Z=1/2). 
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Fig.8. Isotherms (top) and azimuthal 

velocity (below)  in plan (θ=0)  for hybrid 

nanofluid in Ha=10, electrically insulating 

walls (EI)(top) and electrically conducting 

walls (EC) (below). 

 
(a) 

 

 
(b) 

 
(c) 

Fig. 9: (a) Dimensionless temperature, 

(b)Azimuthal velocity w at r=0.2, and (c) 

Nusselt number at inner wall ( θ=0.)  

 

Fig 10 presents the average Nusselt 

number versus Hartmann number (Ha) for 

kerosene oil and hybrid nanofluid 

(GO/Cu/kerosene oil). The average Nusselt 

number for the hybrid nanofluid is examined 

under two scenarios: electrically conductive 

(EC) and electrically insulating (EI) walls. It is 

observed that the Nusselt number 

monotonically increases with rising Ha and 

approaches a limiting value. Across all cases, 

the Nusselt number tends to peak between 6.5 

and 7.5. Moreover, a prevalent trend of higher 

average Nusselt values is notable in the case of 

the hybrid nanofluid (GO/Cu/kerosene) 

compared to the base fluid, particularly evident 

when the walls are electrically conductive. 

Fig.10 represents the evaluation of the 

average Nusselt as a function of Ha. With 

electrically conductive walls, the impact of the 

buoyancy force intensifies as the Hartmann 
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number increases, resulting in an increasingly 

significant interaction between the viscosity 

and buoyancy forces with increasing Ha. 

Therefore, it is inferred that the control of heat 

transfer performance is increasingly influenced 

by the combined effects of the magnetic field 

intensity and the electrical conductivity of the 

interior and exterior walls. 

 
Fig. 10 Average Nusselt number versus 

Hartmann number at inner wall. 

 

5. Conclusion 

The numerical investigation delves into 

the swirling flow dynamics of hybrid nanofluid 

within the annular space between two coaxial 

cylinders, induced by the rotation of the outer 

wall. The system experiences bidirectional 

temperature gradients and a radial magnetic 

field. Employing the finite-volume method, the 

study solves the transport equations 

numerically. The analysis is given for kerosene 

oil, and hybrid nanofluid (GO/Cu/kerosene 

oil), focusing on isotherms, velocity profiles, 

local Nusselt, and average Nusselt numbers. 

The key insights from the investigation are 

summarized as follows: 

• Without a magnetic field, the unchanged 

temperature distribution and heat transfer 

enhancements for the hybrid nanofluid do 

not exceed 20%. 

• The introduction of a magnetic field 

symmetrically enhances the surface 

temperature distribution of hybrid nanofluid 

flow. 

• Employing the hybrid nanofluid with 

higher magnetic field intensities raises the 

azimuthal velocities in the middle of the 

container. 

• Optimal heat transfer is achieved with 90% 

improvement using the hybrid nanofluid 

when the walls of the annular space are 

electrically conductive.  
• Recommendations for future research could 

include exploring alterations in the 

orientation of the magnetic field applied to 

coaxial cylindrical geometries containing a 

rotating hybrid nanofluid flow. 
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