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ABSTRACT 

 
This numerical research is done on the hydrodynamic and thermal 

characteristics of laminar forced convection of different nanofluids 

inside horizontal tube. The tube wall is subjected to a constant heat 

flux condition. Al2O3-water, Cu-water, and SiO2-water are the 

three considered nanofluids examined in this study. The 

mathematical model of the present problem is based on the single 

phase approach, the governing equations are solved iteratively 

using the finite volume method. For nanoparticle volume fractions 

ϕ ranging from 0 to 6% and for two values of Reynolds numbers 

Re=1000 and 2000, Nusselt number, pressure losses (or pumping 

power), average friction factor and Performance evaluation 

criterion (PEC) are shown and discussed. The results demonstrate 

that the increase of ϕ enhances significantly the average Nusselt 

number particularly for Cu-water and Al2O3-water. When 

nanoparticles are added to pure water, the pumping power is 

negatively impacted because the augmentation of ϕ leads to 

increase the pressure drop. The highest pressure drop is occurred 

for Cu-water followed by Al2O3-water and SiO2-water. The 

comparison between the studied fluids indicates that the PEC 

values of Cu-water and Al2O3-water are greater than the unity, 

because they show a significant improvement in the rate of heat 

transfer with acceptable pressure losses. In the other hand, the 

PEC values related to SiO2-water are close to the unity due to the 

slight increase in average Nusselt number. Therefore, SiO2-water 

is ineffective for enhancing the convection heat transfer.  

© Published at www.ijtf.org 

                                                                                                                      

1. Introduction 

       In recent years, researchers have paid great 

attention to the phenomenon of flow and heat 

transfer of nanofluids in various geometries and 

under different conditions. This interest is not 

only related to theoretical considerations, but is 

also relevant to many industrial applications 

where the understanding and the controlling of 

these complex phenomena for different types of 

nanofluids is essential to achieve the best and 

practical results. The applications of nanofluids 

are extremely important in thermal engineering 

industries especially in the heat transfer 

enhancement such as electric cooling, air 

conditioning, refrigeration and heat exchanger. 

Addition of nanoparticles to the based fluid is 

considered as one of the efficient techniques to 

enhance the convection heat transfer. This 

technique was used by many researchers [1-9]. 
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Nomenclature  

Cp Specific heat capacity, J.kg-1.K-1 z  Axial coordinate, m 

D Internal diameter of tube, m Greek symbols 

fr   Friction factor  ϕ   Particle volume concentration  

h   Convection coefficient, W.m-2.K-1 μ  Fluid dynamic viscosity, kg.m-1.s-1 

L  Tube length, m ρ  Fluid density, kg.m-3 

Nu  Nusselt number  λ  Thermal conductivity, W.m-1.K-1 

P  Pressure, Pa θ  Dimensionless temperature  

P*  Dimensionless pressure  Subscripts 

Pr  Prandtl number  av  average value 

qw  Wall heat flux, W.m-2 b  bulk value 

r  Radial coordinate, m bf  Base-fluid 

r0  Inner radius of tube, m in  Inlet 

Re  Reynolds number  nf  Nanofluid 

T Fluid temperature, K out Outlet 

U  Axial velocity, m. s-1 p  Particle 

V Radial velocity, m. s-1 w   Wall 

 

      The convective heat transfer in nanofluids 

can be performed using two different models 

single-phase and two-phase models. In the 

single phase model (or homogeneous model) is 

valid for fluids with suspended nanosize 

particles. This model assumes that the base 

fluid and nanoparticles are in chemical and 

thermal equilibrium and the relative velocity 

between fluid and solid phases is equal to zero. 

This assumption is reasonable when the 

nanoparticles are uniformly distributed in base 

fluids, thus it can be considered as a single fluid. 

In the two-phase model base fluid and 

nanoparticles are considered as two different 

liquid and solid phases with different 

momentums respectively [10-13].  

       Many analytical, numerical and 

experimental investigations have been 

performed for heat transfer improvement using 

nanofluids [14]. A review focused in the topic 

of the improvement of the convection heat 

transfer using nanofluids. For exemple, Bianco 

et al. [15] studied numerically laminar forced 

convection of alumina-water nanofuid in 

horizontal heated circular tube. Single-phase 

and two-phase models were employed. The 

results show that the maximum difference in the 

average convection coefficient between single 

and two-phase models results is approximately 

11%. They prove also that the heat transfer 

improves by increasing the particle volume 

concentration or Reynolds number, but this 

improvement is accompanied by an increase of 

shear stress. Maiga et al [16] explored the 

characteristics of laminar flow of nanofluids 

inside two distinct geometries: in a straight 

heated tube and in a radial space between 

coaxial and heated disks. Two nanofluids were 

considered, Ethylene Glycol-γAl2O3 and water-

γAl2O3. Results have clearly revealed that the 

addition of nanoparticles has produced a 

remarkable increase of the heat transfer with 

increasing of particle volume concentration.   

     In an experimental research, Almohammadi 

et al. [17] investigated the thermal convective 

heat transfer of nanofluid Al2O3-water in 

laminar flow through a circular tube under the 

conditions of constant heat flux. In comparison 

to distilled water, it was found that the average 

coefficient of heat transfer increased by about 

11–20% for a volume concentration ϕ=0.5% 

and by about 16–27% for ϕ=1%. Furthermore, 

at ϕ=0.5% volume concentration, the friction 

factor for nanofluids does not significantly rise. 

Zeinali et al. [18] measured the convective heat 

transfer coefficient of laminar flow of Cu-watre 

nanofluid through inside square duct submitted 

to a uniform heat flux. Their experimental 

results revealed that a remarkable increase in 

heat transfer coefficient is obtained compared 

to the base fluid. Moreover, it has been 

achieved that heat transfer coefficient improved 
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with increasing concentration of nanoparticles 

in the nanofluid as well as nanofluid flow rate. 

An increase of 20.7% in Nusselt number 

achieved at ϕ=1.5%. Benzeggouta et al. [19] 

numerically investigated laminar convective 

heat transfer of Al2O3-water and Cu-water 

through horizontal tube under uniform heat flux. 

They found an increase in heat transfer at 

several volume fractions for two used 

nanofluids. They prove also that nanofluids can 

also contributes to optimize pipes compactness, 

using 2% alumina and 4% for copper dispersed 

in water. Laminar forced convection in a 

circular tube was numerically investigated by 

Nilesh [20]. Three nanofluids, TiO2-water, 

Al2O3-water and ZrO2-water are examined 

under constant heat flux boundary condition. It 

was shown that the heat transfer coefficient 

achieved by the employment of nanofluids is 

significantly higher as compared to the base 

fluid. The performance factor of nanofluids is 

found to be poor and the increase of particle 

loading the decreases the performance factor. 

      Zeinali et al. [21] studied numerically the 

effect of CuO-water and Al2O3-water 

nanofluids on the convective heat transfer and 

pressure losses for the case of in laminar flow 

inside square and triangular duct. It was 

observed that heat transfer coefficient of 

nanofluid increases in comparison with that of 

pure water. The Nusselt number increases by 

increasing the concentration and decreasing the 

nanoparticles size. The results show that the 

addition of nanoparticles increases the pressure 

drop in square and triangular ducts. They also 

found that the pressure drop occurred from 

CuO-water nanofluid is higher as compared 

with Al2O3-water nanofluid. Madani et al. [22] 

investigated numerically the effect of spacing 

between ribs on the flow and heat transfer of 

Al2O3-water nanofluid through a horizontal 

micro-channel. The volume concentration of 

nanoparticles ϕ varied from (0-4%). The results 

showed that the increase of ϕ and Reynolds 

number significantly ameliorate the Nusselt 

number. Reynolds number leads to increase the 

Nusselt and the Poiseuille number. Also, adding 

ribs in microchannel wall enhances the nusselt 

number. However, the increase of spacing 

between ribs leads to reduce the heat transfer. 

Mostafa et al. [23] performed simulations to 

investigate the heat transfer coefficient of 

Al2O3-water nanofluid in the developed region 

of tube flow under constant heat flux. Effect of 

particle size on convective heat transfer 

coefficient was studied for (Re=500-2500). It 

was reported that the heat transfer coefficient 

improved with increasing ϕ and Re.  The 

convection coefficient decreased with 

increasing the particle diameter. Krishna [24] 

investigated experimentally the effect of ZnO-

water nanofluid on the forced convection inside 

a concentric tube heat exchanger for (Re=2000-

5000) and at different ϕ (ϕ=0.1-0.5%). The 

results indicate that the heat transfer coefficient 

of ZnO-water nanofluid enhances by increasing 

ϕ in base fluid. It is also shown for ϕ=0.5%; the 

overall coefficient of heat transfer is improved 

by 11% in comparison with pure water. Praveen 

et al. [25] conducted an experimental study to 

determine the friction factor and heat transfer 

coefficient for the flow of a fly ash nanofluid in 

a copper tube under a boundary condition of 

constant heat flux. fly ash-water nanofluid is 

used with ϕ range 0.5–2.0 %. They demonstrate 

that the increase in Nusselt number (Nu) and 

friction factor was 46.9% and 9.89%, 

respectively, at 2.0%.when compared to the 

base fluid. The maximum PEC value of 1.42 

was observed at 2 % for fly ash nanofluid. The 

maximum PEC value of 1.42 was recorded at 2 

vol%. Praveen et al. [26] investigated 

experimentally and numerically the forced 

convection heat transfer and flow 

characteristics of a water base fly ash-Cu (80:20% 

by volume) hybrid nanofluid (HNF) flow inside 

a copper tube. The results are presented for 

concentration of 0.5–2.0 vol%. According to 

their findings, the highest increases in Nusselt 

numbers for fly ash nanofluid (FANF) and HNF, 

respectively, were 8.95% and 57.1% at a 

concentration of 2.0% relative to water. HNF 

has a higher pressure drop than FANF and 

water. They found also that thermal 

performance factor (TPF) values increase with 

concentration, the maximum TPF value of 1.52 

is recorded at 2% concentration.                     

The addition of nanoparticles to the 

conventional base fluids has an effect on the 

variation of friction factor, pressure drop and 

pumping power of nanofluids flows in ducts. 

Therefore, many researchers performed several 

studies to find the influence of different 

nanofluids on the convective heat transfer; 

friction factor and pressure drop [27, 36]. 

     The current literature reveals that the 

addition of nanoparticles to pure fluids 

represents an efficient technique to the 

enhancement of convection heat transfer, but 

https://www.sciencedirect.com/topics/engineering/nanofluid
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this technique is accompanied by the negative 

influence of increase in pressure losses which 

leads to increase the cost of pumping power. 

For this reason, the present work investigates 

numerically laminar forced convection of three 

different nanofluids flowing in a horizontal tube 

submitted to a constant and uniform heat flux. 

Also, this study aims to compare between the 

PEC factors of the studied nanofluids and 

showing the type of nanoparticles which 

produces higher heat transfer with reasonable 

cost of the pumping power. 

2. Problem statement 

     The geometry of the physical problem is 

illustrated in Fig.1. The analysis is carried out 

for laminar convection heat transfer of three 

different types of nanofluids inside horizontal 

cylindrical tube. The nanofluid enters the tube 

with uniform velocity Uin, uniform temperature 

Tin and absorbs the heat from the wall of the 

tube which exposed to a uniform heat flux qw. 

The present study is based on the following 

assumptions: 

• Stationary and axisymmetric flow 

• Homogeneous and incompressible nanofluid 

• Viscous dissipation, thermal radiation and 

gravitational effects are ignored. 

• Base fluid and nanoparticles are in chemical 

and thermal equilibrium 

• Properties of nanofluids are regarded 

independents to the temperature.  

 

 

 

 

 

 

3. Mathematical formulation  

3.1  Governing equations 
 

     For the case of low concentrations of 

nanoparticles and small sizes of particles, the 

nanofluids are assumed to be homogeneous and 

considered as single phase fluids [37]. In this 

paper, the single-phase approach is employed to 

model the laminar forced convection of 

nanofluid inside circular tube. After introducing 

the assumptions and conditions of this study to 

the mathematical model presented in 

[15,30,38,45,46], the continuity, momentum 

and energy equations can be written as follow: 
 

• Continuity equation: 
 

    
1

𝑟

𝜕(𝑟𝑉)

𝜕𝑟
+

𝜕𝑈

𝜕𝑍
= 0                                                  (1) 

 

• Momentum equation in radial direction: 
 

   𝜌𝑛𝑓 (𝑉
𝜕𝑉

𝜕𝑟
+ 𝑈

𝜕𝑉

𝜕𝑍
) = −

𝜕𝑃

𝜕𝑟
+ 

                   𝜇𝑛𝑓 [
1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑉

𝜕𝑟
) −

𝑉

𝑟2
+

𝜕2𝑉

𝜕𝑍2
]           (2) 

 

• Momentum equation axial direction:  
 

   𝜌𝑛𝑓 (𝑉
𝜕𝑈

𝜕𝑟
+ 𝑈

𝜕𝑈

𝜕𝑍
) = −

𝜕𝑃

𝜕𝑍
+ 

                   𝜇𝑛𝑓 [
1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑈

𝜕𝑟
) +

𝜕2𝑈

𝜕𝑍2
]                      (3) 

 

• Energy equation:  
 

    (𝜌𝐶𝑝)𝑛𝑓 (𝑉
𝜕𝑇

𝜕𝑟
+ 𝑈

𝜕𝑇

𝜕𝑍
) = 

                    𝜆𝑛𝑓 [
1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑇

𝜕𝑟
) +

𝜕2𝑇

𝜕𝑍2
]                        (4) 

 

3.2 Nanofluids thermophysical properties  
 

• The effective density of the nanofluid is 

presented in [39] as: 

     𝜌𝑛𝑓 = (1 − ∅)𝜌𝑏𝑓 + ∅𝜌𝑝                                      (5) 
 

• The dynamic viscosity of nanofluid is given 

by Brinkman [40] as: 

  𝜇𝑛𝑓 = 𝜇𝑏𝑓(1 − ∅)−2.5                                          (6)   
 

• The heat capacity of the nanofluid is 

expressed in [11,33,41,53] as: 

 (𝜌𝐶𝑝)
𝑛𝑓

= (1 − ∅)(𝜌𝐶𝑝)
𝑓

+ ∅(𝜌𝐶𝑝)
𝑝

              (7)     

 

• The thermal conductivity of nanofluids can be 

calculated from Maxwell model [41,42]:  
 

    𝜆𝑛𝑓 = 𝜆𝑏𝑓  [
𝜆𝑝 + 2𝜆𝑏𝑓 − 2∅(𝜆𝑏𝑓 − 𝜆𝑝)

𝜆𝑝 + 2𝜆𝑏𝑓 + ∅(𝜆𝑏𝑓 − 𝜆𝑝)
]             (8) 

 

     In the above equations ϕ represent the 

volume fraction of nanoparticles and named 

also volume concentration of nanoparticles, is 

defined in [2] as the ratio of nanoparticles 

volume (Vp) to the total volume (VT):  
 

                               ∅ =
𝑉𝑃

𝑉𝑇
                                            (9) 

 

         Fig. 1 Schematic of the physical problem 

Uin 

Tin 

L 

r 
 

D
 

qw 
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3.3 Boundary conditions 

     The Dynamic and thermal boundary 

conditions of the studied phenomenon are 

presented in Table 1  
 

Table 1 Dynamic and thermal conditions   
 

Limit Dynamic and thermal conditions 

Inlet 𝑈 = 𝑈𝑖𝑛  ,𝑉 = 0, 𝑇 = 𝑇0 

outlet 
𝜕𝑈

𝜕𝑧
=

𝜕𝑉

𝜕𝑧
=

𝜕𝑇

𝜕𝑧
= 0 

Centerline 
𝜕𝑈

𝜕𝑟
=

𝜕𝑉

𝜕𝑟
=

𝜕𝑇

𝜕𝑟
= 0 

Wall 𝑈 = 𝑉 = 0,    𝜆𝑛𝑓
𝜕𝑇

𝜕𝑟
= 𝑞𝑤 

 

3.4 Dimensionless governing equations 
 

      In order to identify the dimensionless 

parameters that govern this phenomenon, it is 

necessary transforming the dimensional form of 

the model to the dimensionless form by 

introducing the following dimensionless 

variables (Z*, r*, U*, V*, θ, P*) in equations (1) 

to (4) and boundary conditions [43]: 
 

𝑍∗ =
𝑍

𝐷
  ,  𝑟∗ =

𝑟

𝐷
  ,  𝑈∗ =

𝑈

𝑈in
 ,  𝑉∗ =

𝑉

𝑈in
 , 

𝑃∗ =
𝑃

𝜌𝑛𝑓𝑈in
2   ,  𝜃 = (

𝜆𝑛𝑓

�̇�𝑤 𝐷
) (𝑇 − 𝑇in) 

 

  The set of equations (1-4) and boundary 

conditions becomes as follow: 
 

• Continuity equation: 
 

1

𝑟∗

𝜕(𝑟∗𝑉∗)

𝜕𝑟∗
+

𝜕𝑈∗

𝜕𝑍∗
= 0                                            (10) 

 

• Momentum equation in axial direction: 
 

1

𝑟∗

𝜕(𝑟∗𝑉∗𝑈∗)

𝜕𝑟∗
+

𝜕(𝑈∗𝑈∗)

𝜕𝑍∗
= −

𝜕𝑃∗

𝜕𝑍∗
+ 

      
1

𝑅𝑒𝑛𝑓
[

1

𝑟∗

𝜕

𝜕𝑟∗
(𝑟∗

𝜕𝑈∗

𝜕𝑟∗
) +

𝜕

𝜕𝑍∗
(

𝜕𝑈∗

𝜕𝑍∗
)]          (11) 

• Momentum equation in radial direction: 
 

1

𝑟∗

𝜕(𝑟∗𝑉∗𝑉∗)

𝜕𝑟∗
+

𝜕(𝑈∗𝑉∗)

𝜕𝑍∗
= −

𝜕𝑃∗

𝜕𝑟∗
+ 

1

𝑅𝑒𝑛𝑓
[

1

𝑟∗

𝜕

𝜕𝑟∗
(𝑟∗

𝜕𝑉∗

𝜕𝑟∗
) −

𝑉∗

𝑟∗2 +
𝜕

𝜕𝑍∗
(

𝜕𝑉∗

𝜕𝑍∗
)]     (12) 

 

• Energy equation: 

 

1

𝑟∗

𝜕(𝑟∗𝑉∗𝜃)

𝜕𝑟∗
+

𝜕(𝑈∗𝜃)

𝜕𝑍∗
= 

 
1

𝑅𝑒𝑛𝑓. 𝑃𝑟𝑛𝑓
[

1

𝑟∗

𝜕

𝜕𝑟∗
(𝑟∗

𝜕𝜃

𝜕𝑟∗
) +

𝜕

𝜕𝑍∗
(

𝜕𝜃

𝜕𝑍∗
)]      (13) 

 

Where:  

          𝑅𝑒𝑛𝑓 =
𝜌𝑛𝑓𝑈𝑖𝑛𝐷

𝜇𝑛𝑓
                          (14) 

         𝑃𝑟𝑛𝑓 =
𝜇𝑛𝑓 𝐶𝑝𝑛𝑓

𝜆𝑛𝑓
                           (15) 

 

     From equations (10) to (13), it can be seen 

that the problem under study is related to 

Reynolds number (Renf), Prandtl number (Prnf) 

and the particle concentration ϕ. It should be 

noted that Reynolds and Prandtl numbers of 

based fluid are written as follow: 

 

𝑅𝑒𝑏𝑓 = 𝑅𝑒𝑛𝑓(∅ = 0) =
𝜌𝑏𝑓𝑈𝑖𝑛𝐷

𝜇𝑏𝑓
        (16) 

𝑃𝑟𝑏𝑓 = 𝑃𝑟𝑛𝑓(∅ = 0) =
𝜇𝑏𝑓 𝐶𝑝𝑏𝑓

𝜆𝑏𝑓
          (17) 

3.5 Dimensionless boundary conditions 

      The boundary conditions in dimensionless 

form are presented in Table 2: 
 

Table 2 Dimensionless boundary conditions 
 

Limit Dynamic and thermal conditions 

Inlet 𝑈∗ = 1,   𝑉∗ = 0 ,   𝜃 = 0 

Outlet 
𝜕𝑈∗

𝜕𝑧∗
=

𝜕 𝑉∗

𝜕𝑧∗
=

𝜕𝜃

𝜕𝑧∗
= 0 

Centerline 
𝜕𝑈∗

𝜕𝑟∗
=

𝜕 𝑉∗

𝜕𝑟∗
=

𝜕𝜃

𝜕𝑟∗
= 0 

Wall 𝑈∗ =  𝑉∗ = 0  ,  
𝜕𝜃

𝜕𝑟∗ = 1 

 

4. Determination of  the hydrodynamic 

and thermal parameters  
 

4.1 Nusselt Number 

     The local convection heat transfer 

coefficient h(z) is defined as follow [47]: 
 

𝑞𝑤 = ℎ(𝑧)[𝑇𝑤(𝑧) − 𝑇𝑏(𝑧)]                  (18) 
 

Here, Tw(z) and Tb(z) are respectively the 

temperature of the wall and the bulk 

temperature of fluid at the cross section z. The 

local Nusselt number Nu(z) is obtained by 

writing equation (18) in dimensionless form:     
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 𝑁𝑢(𝑧) =
ℎ(𝑧)𝐷

𝜆𝑏𝑓
=

𝜆𝑛𝑓

𝜆𝑏𝑓
[

1

𝜃𝑤(𝑧) − 𝜃𝑏(𝑧)
]         (19) 

θw(z) and θb(z) are respectively the 

dimensionless temperature of the wall and the 

dimensionless bulk temperature of fluid. The 

rate of  heat transfer is evaluated by calculating 

the average convection coefficient ‘hav’ or the 

average Nusselt number ‘Nuav’ which are 

expressed as: 
 

                          ℎ𝑎𝑣 =
1

𝐿
∫ ℎ(𝑧)

𝐿

0

𝑑𝑧                          (20) 

 

      𝑁𝑢𝑎𝑣 =
ℎ𝑎𝑣𝐷

𝜆𝑏𝑓
=

1

(𝐿/𝐷)
∫ 𝑁𝑢(𝑧∗)

𝐿/𝐷

0

𝑑𝑧∗      (21) 

 

4.2 Friction factor 
 

      The expression of local friction factor 

presented in [48] can be written for the case of 

nanofluid flow inside tubes as follow: 
 

                         𝑓𝑟(𝑧) = −
2𝐷

𝜌𝑛𝑓𝑈𝑖𝑛
2

𝑑𝑃

𝑑𝑍
                     (22) 

 

The average friction factor  frav is expressed as: 

                         𝑓𝑟𝑎𝑣 =
1

𝐿
∫ 𝑓𝑟(𝑍)

𝐿

0

𝑑𝑍                      (23) 

 

4.3 Pressure drop and pumping power 
 

      Pressure losses inside tube and required 

pumping power are defined respectively as: 
 

                            Δ𝑃 = 𝑃𝑖𝑛 − 𝑃𝑜𝑢𝑡                            (24) 
 

                            𝑃𝑃 = 𝑈𝑖𝑛(𝜋𝐷2 4⁄ )Δ𝑃                  (25) 
 

4.4 Performance evaluation criterion  

      Performance evaluation criterion (PEC) is 

also named ‘thermal-hydraulic performance’ or 

‘overall thermal performance factor’. For a 

judicious choice of operating conditions that 

ensures a considerable enhancement in the heat 

transfer without a large increase in the pumping 

power, the parameter PEC constitutes an 

important factor in the construction of heat 

exchangers. The heat transfer enhancement 

technology can be considered useful and 

efficient only if (PEC>1). The thermal 

performance PEC is defined in [32,34,44] as : 
 

          𝑃𝐸𝐶 =
𝑁𝑢𝑎𝑣,𝑛𝑓 𝑁𝑢𝑎𝑣,𝑏𝑓⁄

[𝑓𝑟𝑎𝑣,𝑛𝑓 𝑓𝑟𝑎𝑣,𝑏𝑓⁄ ]
1/3

                 (26) 

 

Where Nuav,nf  and Nuav,bf  are the Nusselt 

numbers of nanofluid and pure water 

respectively. frav,nf  and frav,bf  are the friction 

factors of nanofluid and pure water respectively.  
 

5. Procedure of solution and convergence 

      The finite volume technique is employed 

for the discretization of the mathematical model 

by transforming the partial differential 

equations (continuity, momentum and energy) 

to a set of algebraic equations. Theses equations 

are solved iteratively using algorithm SIMPLE 

(Semi-Implicit Method for Pressure-Linked 

Equations) of Patankar [49]. The iterative 

calculations are ensured by a FORTRAN code 

based on the algorithm TDMA (Tri Diagonal 

Matrix Algorithm) [50]. The solution is 

obtained when the computed variables Φ (Φ =U, 

V, P, θ) become invariant with iterations (or 

negligible variation with iterations). The 

convergence is controlled by calculating the 

residual of the algebraic equations obtained 

from the discretization of the governing 

equations, the final form of the discretized 

equations is:       
 𝐴𝑖,𝑗Φ𝑖,𝑗 = 𝐴𝑖−1,𝑗Φ𝑖−1,𝑗 + 𝐴𝑖+1,𝑗Φ𝑖+1,𝑗 +

               𝐴𝑖,𝑗−1Φ𝑖,𝑗−1 + 𝐴𝑖,𝑗+1Φ𝑖,𝑗+1 + 𝑏𝑖,𝑗           (27) 
 

     The residual RΦi,j is calculated at each 

iteration from equation (27) as follow:   
 𝑅𝛷𝑖,𝑗

= 𝐴𝑖,𝑗Φ𝑖,𝑗 − 𝐴𝑖−1,𝑗Φ𝑖−1,𝑗 − 𝐴𝑖+1,𝑗Φ𝑖+1,𝑗 

               −𝐴𝑖,𝑗−1Φ𝑖,𝑗−1 − 𝐴𝑖,𝑗+1Φ𝑖,𝑗+1 − 𝑏𝑖,𝑗         (28) 
 

The convergence was considered to have been 

achieved only if the maximum residual in all 

control volumes of the computational domain is 

less than 10-6.  Figures 2 and 3 illustrate the 

variation of the average convection coefficient 

and pressure drop with iterations, it is shown 

that the solution is approximately converged 

after 2300 iteration. 

Fig. 2 Variation of hav with iteration

Iteration

h
(W

/m
.K

)

500 1000 1500 2000 2500 3000
660

670

680

690

700

710

720

730

740

750

760

AL2O3-Water

Cu-Water

SiO2-Water

Re =1000, Concentration=4%

converged

solution

2
a

v

bf



Abdelkrim Bouaffane. 

International Journal of Thermofluid Science and Technology (2024), Volume 11, Issue 1, Paper No. 110104 

7 
 

    Fig. 3 Variation of pressure drop with 

iterations 
 

6. Choice of grid 
 

      The choice of the mesh of the 

computational domain is a crucial step in the 

numerical simulation and has a great influence 

on the accuracy of the results and the 

computation time. In order to optimize these 

parameters, we have performed several 

simulations on the variation of hav and frav with 

different mesh sizes. The results of the 

simulations are presented in Table 3 at         

Rebf =1000 and ϕ = 4%. The results show that 

the mesh size (221x41) is sufficient to ensure 

high accuracy in the resolution of the studied 

phenomenon. This choice is based on the 

stabilization of hav and frav values, especially for 

the last three mesh sizes. Any increase in the 

dimensions of the mesh more than (221x41) 

increases the execution time without any 

improvement in the accuracy of the solution. 
 

Table 3 Values of hav and frav of Al2O3-water at 

Rebf=1000 and ϕ = 4% 
 
 

Mesh hav frav 

11×161 689.76 0.0862 

21×181 685.18 0.0866 

31×201 684.36 0.0866 

41×221 684.32 0.0867 

51×241 684.44 0.0867 

61×261 684.60 0.0868 

 
 

7. Validation 
 

     In order to verify the accuracy of the present 

method of solution and the code of calculation, 

hydrodynamic and thermal comparisons with 

previous results are performed and presented in 

Tables 4-6.  
 

7.1 Thermal validation 
 

    Tables 4 and 5, show a comparison between 

the values of hav calculated numerically by the 

present code and the solution of Bianco [15] for 

the case of laminar flow of nanofluid inside 

tube at volume fractions 1% and 4%  for 

Re=250, 500, 750 and 1050. The comparison 

illustrates a good agreement was found between 

the results of the present code and those 

displayed in [15] where the maximum 

difference as relative error between the two 

solutions is approximately 3.18%.  
 

Table 4 Comparison between the results of the 

present code and those of Bianco [15] at ϕ=1% 
 

 

Table 5 Comparison between the results of the 

present code and those of Bianco [15] at ϕ=4% 
 

 

7.2 Hydrodynamic validation 
 

     The friction factor of laminar developed 

flow of pure fluid inside cylindrical tube is 

presented in [51] as follow: 

𝑓𝑟 =
64

𝑅𝑒𝑏𝑓
                                 (29) 

Iteration
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 ϕ=0.01  

Re 
hav of present 

code 

Relative error 

with [15] 

250 356 3.01 % 

500 426 3.18 % 

750 484 2.22 % 

1050 542 2.34 % 

 ϕ=0.04  

Re 
hav of present 

code 

Relative error 

with [15] 

250 402.22 3.07 % 

500 491.5 2.28 % 

750 559.8 2.78 % 

1050 628.4 1.81 % 
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     For the case of laminar developed flow of 

nanofluid inside cylindrical tube the relation 

(29) can be formulated as: 
 

𝑓𝑟 =
64

𝑅𝑒𝑛𝑓

                                (30) 

 

     Table 6, shows the comparison between the 

values of friction factor obtained from the code 

of the present study and those calculated from 

Eq. (30). The comparison was done for three 

kinds of nanoparticles (Al2O3, Cu, SiO2) at ϕ=6% 

and Rebf =1000. Excellent agreement is 

confirmed between the present numerical 

results and those obtained from Eq. (30), where 

the maximum relative difference is around of 

0.26%.  

     From the two performed comparisons, it is 

shown that the current method of solution and 

the present code of calculation are valid for 

simulating the laminar forced convection 

phenomenon of various nanofluids inside 

circular tube at different volumetric 

concentrations and different conditions. 

 

Table 6 Comparison between  fr  values of correlation (30) and those of present code  

Nanofluid Rebf Renf fr Eq. (30) 
fr  

(present code ) 

Relative  

error (%) 

Al2O3-water 1000 1009.95 6.337×10-2 6.336×10-2 0.016 

Cu-water 1000 1265.82 5.056×10-2 5.069×10-2 0.26 

SiO2-water 1000 919.73 6.958×10-2 6.955×10-2 0.043 
 

8. Results and discussion 
 

     The results include the influence of the 

employment of nanofluids on the average heat 

transfer and pressure losses for various 

nanoparticles volume concentrations with two 

values of Reynolds number Rebf =1000 and 

2000. Prandtl number Prbf=5.887. The 

dimensionless length of tube (L/D) is fixed at 

50. Also, the comparisons between the PEC of 

different nanofluids will be examined for 

choosing the nanofluid-type which gives higher 

improvement in heat transfer with reasonable 

values of pumping power. 
 

Table 7 Thermophysical properties of water and 

solids at temperature T0=300K [52] 
 

Materials water Cu Al2O3 SiO2 

ρ[kg/m3] 997 8933 3970 2220 

Cp[J/kg.K] 4177 385 765 745 

λ[W/m.K] 0.608 401 36 1.38 

μ[kg/m.s] 857×10-6 - - - 

 

8.1 Effect of nanoparticles concentration  

      on the convection coefficient 
 

     The effect of nanoparticles concentration of 

Al2O3, Cu and SiO2 on the average convection 

coefficient is presented in Fig.4 (a-b) at         

Rebf =1000 and 2000 for ϕ varied from 0 to 6%. 

Heat flux value is fixed at qw=10000 W/m2, 

D=10-2m. The obtained results revealed that: 

• The addition of nanoparticles to the pure 

water has a positive effect on hav, where the 

values of  hav of nanofluids are greater than 

those of base fluide (pure water) 

• The increase of ϕ improves hav for all types 

of nanofluids, this is due to the fact that the 

increase of ϕ increases the thermal 

conductivity of nanofluid as shown in Fig. 5.  

• The considerable enhancement of convection 

heat transfer using nanofluids is obtained by 

the nanoparticles Cu and Al2O3 , this due to 

their higher thermal conductivities  

• The improvement of hav using SiO2 is not 

significant, this due to the low increase in its 

thermal conductivity 

• The values of hav resulted for (Rebf =2000) 

are greater than those of (Rebf =1000). 

Therefore, the heat transfer enhancement can 

be achieved by increasing the flow velocity. 

• The maximum enhancement in hav resulted 

from the addition of nanoparticles is obtained 

at ϕ=6%. The percentages of enhancement in 

hav are illustrated in Table 8 at ϕ=6%. 

Table 8 Percentages of enhancement in hav at 

ϕ=6%  

Nanoparticles Cu Al2O3 SiO2 

Rebf=1000 13.93% 11.57% 1.99% 

Rebf=2000 14.15% 11.34% 1.74% 
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Fig. 4  hav as function ϕ for:                                  

(a) Rebf =1000; (b) Rebf =2000 

 
Fig. 5 Nanofluid thermal conductivity versus ϕ 
 

 

8.2 Effect of nanoparticles concentration 

on the pressure drop 
 

      The previous section the results shows that 

the employment of nanofluid has a positive 

effect on the heat transfer, but it is important to 

know its influence on the pressure drop.  

   In this section, the variation of pressure 

drop inside tube versus volumetric 

concentration ϕ is displayed in Fig. 6 (a-b), 

where ϕ is varied from 0 to 6%. It can be seen 

that:  

• The pressure drop is proportional to the 

concentration, where all types of nanofluids 

studied in this work have a negative effect on 

the pressure drop if compared with base fluid 

(pure water), because the augmentation of ϕ 

produces a clear increase in the pressure 

losses. Consequently, increases the pumping 

power 

• Any increase in the volumetric concentration 

increases the density of nanofluid as 

illustrated in   Fig. 7. The increase in density 

is the main reason for more pressure losses.  

• Nanofluid Cu-water offers the highest 

pressure drop because it has higher density. 

The medium and the lowest pressure drop are 

occurred for Al2O3-water and SiO2-water 

respectively 

• For all nanofluids tested in this simulation, 

the pressure drop calculated for (Rebf =2000) 

are greater than that of (Rebf =1000). 

Therefore, the pumping power increases by 

increasing the velocity of flow.  

• The highest increase in pressure losses 

caused by the presence of different 

nanoparticles in pure water is found at 

volumetric concentration ϕ=6%. The 

percentages of increase in pressure drop are 

presented in Table 9. 

Table 9 Percentages of increase in pressure 

drop at ϕ=6% 

Nanoparticles Cu Al2O3 SiO2 

Rebf =1000 24.3% 17% 14.3% 

Rebf =2000 26.7% 17.1% 13.5% 
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       Fig. 6 Pressure drop as function of ϕ for: (a) 

Rebf =1000; (b) Rebf =2000 

 
Fig. 7 Nanofluid density versus ϕ 

 
 

8.3 Effect of nanoparticles concentration 

on the  friction factor 
 

     As known the friction factor is dependent to 

the flow regime (i.e. value of Reynolds number). 

Then, for analyzing the influence of 

nanoparticles addition on the average friction 

factor, it is necessary to calculate the Reynolds 

number of each nanofluid at different 

concentration. Fig.8 (a-b) demonstrates that the 

Reynolds number is affected by the type and 

the concentration of nanoparticles. Also, 

Equation (30) shows that the friction factor in 

the fully developed laminar flow is inversely 

proportional to Reynolds number. The 

influence of concentration on the frav is 

presented in Fig. 9 (a-b). It appears clearly that:  

• The values of friction factor obtained from 

the present simulation show a good 

agreement with Eq. (30).  

• For Cu-water, the Reynolds number 

increases by increasing ϕ, consequently the 

friction factor  decreases 

• For SiO2-water, Reynolds number decreases 

by increasing ϕ, this leads to increase the 

friction factor. 

• For Al2O3-water, the friction factor is slightly 

decreases by increasing ϕ because the 

Reynolds number increases with very small 

values.
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Fig. 8 Nanofluid Reynolds number versus ϕ  for: 

(a) Rebf =1000; (b) Rebf =2000 

    Fig .9  frav ratio as function of ϕ for:            (a) 

Rebf =1000; (b) Rebf =2000 

 

8.4 Effect of nanoparticles concentration 

on the PEC factor 
 

    The improvement of heat transfer is usually 

accompanied with the disadvantages of 

augmentation in pressure losses. For this reason 

it is required to calculate PEC which shows us 

the best case to achieve a considerable 

enhancement in heat transfer with reasonable 

pumping power. From the correlation of PEC 

displayed in Eq. (26), it is clear that the PEC 

factor is dependent to the Nusselt number ratio 

(Nuav,nf /Nuav,bf) and friction factor ratio       

(frav,nf  /frav,bf). Then, the study of the effect of ϕ 

on the PEC factor requires displaying the 

variation of (Nuav,nf /Nuav,bf) and (frav,nf /frav,bf) 

versus concentration.   
 

     Fig. 10 (a-b) shows that the presence of 

nanoparticles in the pure water has a beneficial 

influence on the Nusselt number of all 

nanofluids. The best improvement in Nuav is 

achieved by Cu-water followed by Al2O3-water 

and SiO2-water. Because of its greater thermal 

conductivity, Cu-water provides the highest 

Nuav enhancement. Also, the variation of 

friction factor versus ϕ is previously illustrated 

in Fig. 9 which clearly showed that the increase 

of nanoparticles concentration leads to increase 

the friction factor of SiO2-water (negative 

effect), decreases friction factor of Cu-water 

(positive effect) and show a very small decrease 

in friction factor of Al2O3-water (negligible 

effect). Fig. 11 (a-b) depicts the variation of 

PEC versus concentration for different 

nanofluids at Rebf =1000 and 2000. The curves 

show that: 

• All types of nanofluid studied in this research 

are efficient because theirs PEC is greater 

than the unity, therefore the improvement of 

heat transfer using nanoparticles is generally 

useful 

• The SiO2-water offers the lowest PEC this 

due to its lower Nuav and higher frav. In 

addition, the PEC of SiO2 is not influenced 

by the variation of concentration, where its 

values are approximately equals 1. 

• Al2O3-water performs a considerable 

amelioration in the Nuav and stability in frav 

with varying ϕ; in this case the values of PEC 

are greater than the unity. 

• The nanofluid Cu-water provides the highest 

value of Nuav and the lowest value of  frav, 

theses two features lead to achieve the 
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maximum values of PEC if compared with 

Al2O3-waters and SiO2-water. 
 

 

 Fig. 10 Variation of Nuav ratio with ϕ for:      (a) 

Rebf =1000; (b) Rebf =2000 

 

 

 Fig.11 PEC as function of ϕ for:                     (a) 

Rebf =1000; (b) Rebf =2000 

 

9. Conclusion 
 

      In this paper, hydrodynamic and thermal 

analysis of laminar flow of three kinds of  

nanofluids inside cylindrical tube subjected to 

constant heat flux are investigated numerically. 

The working base fluid used is pure water. The 

volume fraction of nanoparticles varied 

between 0 and 6%. In the range of the operating 

parameters used in this simulation and from the 

obtained results, the main conclusions of this 

study are presented as follow:   

• All types of nanofluids show an enhancement 

in heat transfer if compared with pure water 

• Nanoparticles that have high thermal 

conductivities such as Cu and Al2O3 offer a 

considerable enhancement of convection heat 

transfer. Where, the best amelioration of Nuav 

or hav is performed by the nanofluid Cu-water 

followed by Al2O3-water and SiO2-water.  

• The convection coefficient of all types of 

nanofluids is enhanced by increasing ϕ; this 

is due to the fact that the increase of ϕ 

increases the thermal conductivity of 

nanofluids. 

• The addition of nanoparticles has showed a 

clear negative impact on the pressure drop, 

because the augmentation of ϕ increases the 

pressure drop of nanofluids if compared with 

pure water.   

• Any increase in the value of ϕ increases the 

nanofluid density which leads to elevate the 

pressure drop as well as increases the 

pumping power  

• The highest pressure drop is occurred with 

using Cu nanoparticles; this is due to its 
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higher density. The medium and the lowest 

values of pressure drop are found for Al2O 

and SiO2 respectively 

• The PEC values of both nanofluid Cu-water 

and Al2O3-water are greater the unity, these 

two nanofluids show a considerable 

enhancement of heat transfer with acceptable 

increment in pressure drop. For SiO2-water 

all values are approximately equals 1, 

because it has lower improvement in Nusselt 

number 

• Any increase in ϕ performs to increase the 

PEC of Cu-water and Al2O3-water while 

SiO2-water was not influenced by the 

variation of ϕ. 

• Finally, the PEC values indicated that the 

nanoparticles Cu offers an important 

improvement of heat transfer with reasonable 

cost of pumping power in comparison with 

others studied nanoparticles. 
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