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ABSTRACT 

 

Convective heat transfer is a physical phenomenon that continues 

to attract the interest of researchers in many fields of science and 

engineering. This work aims at numerically investigating the 

enhancement of heat transfer in a differentially heated three-

dimensional cavity using a hybrid Al2O3-Cu-water nanofluid and 

Al2O3-water nanofluid. The partial differential equations are 

discretized in 3D by adopting the finite volume method and using 

the SIMPLEC algorithm for pressure correction. Heat transfer and 

fluid flow results are presented in the form of isotherms, velocity 

fields and mean Nusselt number. The results show that the effect of 

nanofluid and hybrid nanofluid on natural convection is more 

significant when the Rayleigh number is high. The use of hybrid 

nanofluid improves the heat transfer compared to nanofluid. 

 

© Published at www.ijtf.org

1. Introduction 

The use of nanofluids in heat transfer by 

convective mode is found in various industrial 

processes as devices cooling, building, thermal 

insulation devices and power plants (Ostrach 

[1]). Fluids with added particles at the 

nanoscale are called nanofluids (Choi [2]). 

Several authors have studied the natural 

convection of nanofluids within cavities of 

various shapes. Heat transfer in nanofluid filled 

rectangular cavity in natural convection using 

several boundary conditions on the side walls 

has been conducted by Sharif and Mohammed 

[3]. There are a number of studies utilizing 

classical numerical methods to describe the free 

convection heat transfer in a filled enclosure 

cavity using nanofluid. Khanafer et al. [4] 

conducted a numerical study to evaluate the 

effect of the nanofluid on the heat transfer in a 

confined cavity in natural convection. The 

authors maintained the right and left walls as 

differentially heated, while the horizontal walls 

are supposed adiabatic. Their results indicated 

that the increase in volume fraction of the 

dispersed nanoparticles leads to enhance the 

heat transfer. 

Oztop et al. [5] carried out a computational 

study of the natural convection in enclosed 

cavity by keeping the vertical walls at cold 

temperature and the horizontal walls are considered 

adiabatic. The air into the cavity is heated using a  
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thin plate disposed horizontally or vertically 

inside the cavity. The results show that there an 

increase in the mean Nusselt number by 

increasing the length of the thin plate. In 

addition, they observed that the location 

position of the plate influences on heat transfer. 

In fact, when the plate is located vertically the 

Nusselt number is improved about 20% 

compared to horizontally position at high 

Rayleigh number. 

A numerical study is performed by Akhter 

and Mokaddes [6] to investigate to effect of the 

hybrid nanofluid on the heat transfer inside an 

enclosed cavity, with hexagonal block and an 

external magnetic field. The results showed that 

the use of the nanofluid increased the average 

Nusselt number by 21.85% and 40.29% in 

comparison to pare water for Ha=0 and Ha=100 

respectively. They also shows that the presence 

of the magnetic field enhances the heat transfer. 

Saleh et al [7] examined numerically the 

effect of the nanofluid on the heat transfer in a 

trapezoidal cavity filled with nanofluids 

(Water–Cu and water–Al2O3). They found that 

the suspension of Copper nanoparticles with 

high concentration increases significantly the 

feat transfer ability. Basing the obtained results, 

the authors have developed a correlation given 

the average Nusselt number in function of the 

heat transfer parameters. 

Tric et al. [7] conducted numerically the free 

convection in a cubic cavity employ a pseudo-

spectra Chebyshev algorithm resolution 

supplied by polynomial expansions. Their 

results indicate a non-monotonic evolution in 

the structure of flow when 𝑅𝑎 increases. 

Ravnik et al. [9] has been examined a free 

convection in a cubic cavity filled with 

nanofluids. The numerical approach is based on 

the boundary element method (BEM). They 

proved that nanofluids increase the heat transfer 

capacity in mass flows and also enhance the 

three-dimensional character of the flow field. 

Ternik [10] studied free convection of the 

water-Au nanofluid in a cubic cavity. The 

impact of the investigated fluid, nanoparticle 

volume fraction φ and Rayleigh number 𝑅𝑎 on 

the momentum transport conditions and heat 

were thoroughly analyzed. 

As far as natural convection of hybrid 

nanofluid, representing an assembly of two 

types of nanoparticles is concerned. Suresh et al. 

[11] investigated the convective heat transfer in 

a heated cubic cavity using Cu-Al2O3/water as 

hybrid nanofluid. At Reynolds number of 1730, 

the authors found that the use of Cu-

Nomenclature 

𝐶𝑃 Specific heat at constant pressure, 

(𝐽. 𝑘𝑔−1 𝐾−1) 

𝜇 Dynamic 

viscosity(𝑘𝑔. 𝑚−1. 𝑠−1) 

g Gravitational acceleration, 𝑚. 𝑠−2 𝜗 Kinematic viscosity (𝑚2. 𝑠−1) 

H Dimension of the cubic cavity, (𝑚) 𝜃 Dimensionless temperature 

k Thermal conductivity,(𝑊. 𝑚−2 𝐾−1)  𝜌 Density (𝑘𝑔. 𝑚−3) 

Nu Nusselt number 𝜑 Volume fraction of 

nanoparticles 

p Pressure, (𝑃𝑎) 𝜓 Stream function 

P Dimensionless pressure Subscripts 

Pr Prandtl number Avg  Average  

Ra Rayleigh number C Cold 

T Temperature, (𝐾) f Base fluid 

u, v, w Velocity components, (𝑚. 𝑠−1) H Hot 

U, V, W Dimensionless velocities hnf Hybrid nanofluid 

x, y, z Cartesian coordinates, (𝑚) hp Hybrid particles 

X, Y, Z   Dimensionless Cartesian coordinates nf nanofluid 

Greek symbols ref Reference 

𝛼 Thermal diffusivity (𝑚2. 𝑠−1)   

𝛽 Thermal expansion coefficient (𝐾−1)   
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Al2O3/water hybrid nanofluid have a significant 

effect on the heat transfer enhancement in 

comparison to pure water. However, their 

results illustrate that for the same nanoparticles 

fraction, Cu-Al2O3/water hybrid nanofluids 

have relatively higher friction factor than 

Al2O3/water nanofluid. Hemmat et al [12] 

performed a study on the rheological behavior 

of the MWCNTs/SiO2-SAE40 hybrid nanofluid, 

they experimentally established a correlation 

for particles of diameter 25 (Ag) and 40 (MgO) 

nm and a volume fraction between 0% and 2%. 

They noticed that this nanolubricant is acting 

like a Newtonian fluid for solids volume 

fractions of maximum 1% and as a non-

Newtonian fluid for solids volume fractions 

between 1.5% and 2%. They also found that the 

kinematic viscosity reduces with the increase of 

the fluid temperature and increases with the 

nanoparticles volume fraction. 

Many authors Hemmat et al. [13], Hemmat 

and Sarlak [14] and Kalidasan and Rajesh [15] 

interpreted results on the hybrid nanofluid with 

heaters on the vertical walls and insulated block. 

They indicated that increasing the percentage of 

nanoparticles at different Rayleigh numbers 

leads to drop the strength of the primary vortex. 

A numerical study is conducted by 

Rahman et al. [16] to analyse the thermal 

behavior of Al2O3-Cu hybrid nanofluid in a 

two-dimensional axisymmetric copper tube. 

They observed that the dominant nanoparticles 

in the hybrid nanofluid strongly affects the 

thermal behavior of the hybrid nanofluid. In 

addition, they shown that the heat transfer 

coefficient enhances with the volume 

concentration of the hybrid nanoparticles 

suspended in the base fluid. Furthermore, this 

coefficient rises with the increase of the 

Reynolds number. 

Ranga et al. [17] have published a review 

which he summarized the recent research on the 

synthesis, heat transfer characteristics, thermo-

physical properties, hydrodynamic behavior 

and the flow characteristics of various hybrid 

nanofluids. This review also highlighted the 

uses and challenges of hybrid nanofluids and 

made some suggestions for the future research 

expected in this topic. Among the conclusions 

made by this review, the flow properties of 

hybrid nanofluids are refined by the suspension 

of hybrid nanoparticles, and their thermal 

conductivity is significantly higher than that of 

the nanofluids or base fluid. 

The thermal conductivity of Ag-Al2O3-water 

is experimentally studied by Aparna et al. [18]. 

The impact of volume fraction of the 

nanoparticles as well as the mixture ratios of 

Ag-Al2O3 was analysed. They proved that the 

thermal conductivity has a great effect on the 

heat transfer as the nanoparticles volume 

fraction increases. The authors proposed a 

correlation to predict the thermal conductivity 

of the tested hybrid nanofluid as function of 

particles volume fraction and fluid temperature. 

Mehryan et al. [19] carried out a numerical 

study using hybrid nanofluid (water/ Cu-Al2O3) 

in a porous cavity. They analysed the effects of 

various Darcy-Rayleigh numbers and hybrid 

volume fraction. They indicated that the use of 

nanofluids caused a decrease in flow velocity 

and flow power. The drop is more significant 

for hybrid nanofluid than the nanofluid. Khalili 

and Sheikholeslami [20] propose a new 

configuration of the photovoltaic (PV) cell 

cooling system using a numerical approach. The 

cooling system contains cooling ducts of three 

shapes (circular, triangular and tri-lobed) and 

confined jets and the hybrid nanofluid. The 

ducts have three shapes (circular, triangular and 

tri-lobed). To improve the convection rate, Y-

shaped fins were installed inside the ducts. The 

use of hybrid nanomaterials in both zones 

instead of water increases the useful heat and 

cools the cells. Regarding the different 

configurations, the best performance was 

reported for the triangular duct which has good 

hydrothermal performance compared to the 

others. 

 From the above literature and to the best of 

our knowledge, there is no studies performed on 

hybrid nanofluid flow in three-dimensional 

differentially heated cavity. The hybrid 

nanofluid is based on the low volume fraction 

of metal Cu nanoparticles. The aim of the paper 

is focused on the investigation of the effect of 

water/Cu-Al2O3 hybrid nanofluid on 

improvement of free convection fluid flow and 

heat transfer in a cubic cavity. A comparative 

study between hybrid water/Cu-Al2O3 and 

water/Al2O3 nanofluids is done. In addition, the 
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impact of Rayleigh number and solid volume 

fraction of hybrid nanofluid are examined. 

2. Mathematical modelling 

In this work a three-dimensional numerical 

study on the natural convective flow into a 

cubic cavity filled with water/Al2O3 nanofluid 

or water/Cu-Al2O3 hybrid nanofluid is 

conducted. Fig.1 represents the physical model 

of the cavity with the reference axes considered. 

The left and right walls are supposed as 

imposed temperature with TH and  TC 

respectively. The others are assumed to be 

insulated walls. The suspended nanoparticles 

(Al2O3 and Cu) are considered as spherical 

shape and small size. 

 

 
Fig. 1. Schema representing the differentially 

heated cavity. 

In order to simplify the computational study, 

the following assumptions are considered:    

• The flow is regular, Newtonian, laminar 

and incompressible. 

• The nanoparticles are supposed as uniform 

size and shape. 

• The base liquid and nanoparticles are 

considered homogeneous mixture, then 

single monophasic model is adopted. 

• Except the density, the thermophysicals 

properties of the hybrid nanofluid and 

nanofluid are supposed to be constant. In 

fact, the density is varied according to 

Boussinesq approximation. 

 

Governing Equations 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0                                                 (1) 

𝜌ℎ𝑛𝑓 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
) = −

𝜕𝑝

𝜕𝑥
+

𝜇ℎ𝑛𝑓 (
𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2 +
𝜕2𝑢

𝜕𝑧2)                                   (2) 

𝜌ℎ𝑛𝑓 (𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
) = −

𝜕𝑝

𝜕𝑦
+

𝜇ℎ𝑛𝑓 (
𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2 +
𝜕2𝑣

𝜕𝑧2)                                            (3) 

𝜌ℎ𝑛𝑓 (𝑢
𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
) = −

𝜕𝑝

𝜕𝑧
+

𝜇ℎ𝑛𝑓 (
𝜕2𝑤

𝜕𝑥2 +
𝜕2𝑤

𝜕𝑦2 +
𝜕2𝑤

𝜕𝑧2 ) + (𝜌𝛽)ℎ𝑛𝑓𝑔(𝑇 −

𝑇𝑟é𝑓)                                                                     (4) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑧
= 𝛼ℎ𝑛𝑓 (

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2 +

𝜕2𝑇

𝜕𝑧2)                                                                       (5) 

In the terms of the following dimensionless 

variables  : 

𝑋 =
𝑥

𝐻
, 𝑌 =

𝑦

𝐻
, 𝑍 =

𝑧

𝐻
, 𝑈 =

𝑢𝐻

𝛼𝑓
, 𝑉 =

𝑣𝐻

𝛼𝑓
, 

𝑊 =
𝑤𝐻

𝛼𝑓
,       𝑃 =

𝑝𝐻2

𝜌ℎ𝑛𝑓𝛼𝑓
2                                   (6) 

𝜃 =
𝑇 − 𝑇𝑟𝑒𝑓

𝑇𝐻 − 𝑇𝐶
  Where  𝑇𝑟𝑒𝑓 =

𝑇𝐶  +  T𝐻

2
 

 

 The continuity (equation 1), momentum 

(equation 2-4), and energy equations (equation 

5) for the considered nanofluid filled into the 

cavity in steady-state are written in 

dimensionless form as follows [10]: 

 
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
+

𝜕𝑊

𝜕𝑍
= 0                                                (7) 

𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
+ 𝑊

𝜕𝑈

𝜕𝑍
= −

𝜕𝑃

𝜕𝑋
+

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓𝛼𝑓
𝛻2U   (8) 

𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
+ 𝑊

𝜕𝑉

𝜕𝑍
= −

𝜕𝑃

𝜕𝑌
+

𝜇ℎ𝑛𝑓

𝜌𝑛𝑓𝛼𝑓
𝛻2V     (9) 

𝑈
∂W

∂X
+ V

∂W

∂Y
+ W

∂W

∂Z
= −

𝜕𝑃

𝜕𝑍
+

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓𝛼𝑓
𝛻2𝑊 +

(𝜌𝛽)ℎ𝑛𝑓

𝜌ℎ𝑛𝑓𝛽𝑓
𝑅𝑎. 𝑃𝑟.θ                                                      (10) 

U
𝜕θ

𝜕Y
+ V

𝜕θ

𝜕Y
+ W

𝜕θ

𝜕Z
=

𝛼hnf

𝛼f
𝛻2θ                        (11) 

The Prandtl number 𝑃𝑟  and the Rayleigh 

number 𝑅𝑎 are expressed as below: 

Ra =
gβfH

3(TH−TC)

ϑfαf
, Pr =

𝜗f

𝛼f
            (12) 

We also define the stream function ψ, 

represented in a plane and related to the velocity, 

as follows: 

Al2O3-Cu-water 
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𝑉 =
𝜕𝜓

𝜕𝑋
    and   𝑈 = −

𝜕𝜓

𝜕𝑌
                (13) 

 The Table 1 summarized the thermophysical 

properties of the hybrid nanofluid (water/Cu-

Al2O3) and nanofluid (water/Al2O3) as function 

of the base liquid properties and volume 

fraction of Al2O3 and Cu dispersed in the base 

liquid (Abu-Nada and Oztop [19] ). The hybrid 

nanoparticle is given by considering 50%  of 

each component, then the volume fraction of 

hybrid nanofluid is: φhp = 𝜑𝐴𝑙2𝑂𝟑
+ φCu  . 

Table 2 presents the thermophysical properties 

of water as well as the two nanoparticles 

evaluated at 25°C.

Table 1 Thermal and physical properties of the nanofluid and hybrid nanofluid. 

Properties 
Nanofluid (Abu-Nada and 

Oztop [21] 
Hybrid nanofluid (Takbi and shokouhmand [22]) 

Density 𝜌𝑛𝑓 = (1 − 𝜑𝑝)𝜌𝑓 + 𝜑𝜌𝑝 𝜌ℎ𝑛𝑓 = (1 − 𝜑ℎ𝑝)𝜌𝑓 + 𝜑𝐴𝑙2𝑂3
𝜌𝐴𝑙2𝑂3

+ 𝜑𝐶𝑢𝜌𝐶𝑢 

Heat 

capacity 

(𝜌𝑐𝑝)
𝑛𝑓

= (1 − 𝜑𝑝)(𝜌𝑐𝑝)
𝑓

+ 𝜑(𝜌𝑐𝑝)
𝑝
 

(𝜌𝑐𝑝)
ℎ𝑛𝑓

= (1 − 𝜑ℎ𝑝)(𝜌𝑐𝑝)
𝑓

+ 𝜑𝐴𝑙2𝑂3
(𝜌𝑐𝑝)

𝐴𝑙2𝑂3

+ 𝜑𝐶𝑢(𝜌𝑐𝑝)
𝐶𝑢

 

Thermal 

expansion 

coefficient 

(𝜌β)𝑛𝑓

= (1 − 𝜑𝑝)(𝜌β)𝑓

+ 𝜑(𝜌β)𝑝 

(𝜌β)ℎ𝑛𝑓 = (1 − 𝜑ℎ𝑝)(𝜌β)𝑓 + 𝜑𝐴𝑙2𝑂3
(𝜌β)𝐴𝑙2𝑂3

+ 𝜑𝐶𝑢(𝜌β)𝐶𝑢 

viscosity 𝜇𝑛𝑓 =
𝜇𝑓

(1 − 𝜑𝑝)
2.5 𝜇ℎ𝑛𝑓 =

𝜇𝑓

(1 − 𝜑ℎ𝑝)
2.5 

Thermal 

conductivit

y 

𝑘𝑛𝑓

𝑘𝑓

=
𝑘𝑝 + 2𝑘𝑓 − 2𝜑𝑝(𝑘𝑓 − 𝑘𝑝)

𝑘𝑝 + 2𝑘𝑓 + 𝜑𝑝(𝑘𝑓 − 𝑘𝑝)
 

𝑘ℎ𝑛𝑓

𝑘𝑓

=

𝜑𝐴𝑙2𝑂3𝑘𝐴𝑙2𝑂3+𝜑𝐶𝑢𝑘𝐶𝑢

𝜑ℎ𝑝
+ 2𝑘𝑓 + 2(𝜑𝐴𝑙2𝑂3

𝑘𝐴𝑙2𝑂3
+ 𝜑𝐶𝑢𝑘𝐶𝑢) − 2𝜑ℎ𝑝𝑘𝑓

𝜑𝐴𝑙2𝑂3𝑘𝐴𝑙2𝑂3+𝜑𝐶𝑢𝑘𝐶𝑢

𝜑ℎ𝑝
+ 2𝑘𝑓 − (𝜑𝐴𝑙2𝑂3

𝑘𝐴𝑙2𝑂3
+ 𝜑𝐶𝑢𝑘𝐶𝑢) + 𝜑ℎ𝑝𝑘𝑓

 

Thermal 

diffusivity 
𝛼𝑛𝑓 =

𝑘𝑛𝑓

(𝜌𝑐𝑝)
𝑛𝑓

 𝛼ℎ𝑛𝑓 =
𝑘ℎ𝑛𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

 

Table 2 Thermal and physical Properties of 

nanoparticles and water at 298.15K. [23] 

         Physical Properties Water Al2O3 Cu 

𝝁 × 𝟏𝟎−𝟑(kg/m. s) 8.9 - - 

𝝆(𝐤𝐠 𝐦𝟑⁄ ) 997.1 3970 8933 

𝐂𝐏(𝐉 𝐤𝐠. 𝐊⁄ ) 4179 765 385 

k (W⁄(m.K)) 0.613 40 401 

𝛃 × 𝟏𝟎−𝟓(𝟏 𝐊⁄ ) 21 0.85 1.67 

𝛂 × 𝟏𝟎−𝟕(𝐦𝟐 𝐬⁄ ) 1.47 131.7 1163.1 

The boundary conditions relating to Eqs. (7) to 

(11) are as follows: 

U=V=W=0, on all the walls (14) 

θ = 1 for   X=0 (15) 

θ = 0 for  X=1 (16) 

 
∂θ

∂Y
= 0 for  Y=0 and Y=1(17) 

∂θ

∂Z
= 0 for  Z=0 and Z=1 (18) 

 The heat transfer in the nanofluid and hybrid 

nanofluid depends on the flow configuration 

and various properties; heat capacity, thermal 

conductivity of pure fluid and nanoparticles, 

volume fraction and viscosity. To compare the 

effectiveness of nanofluid (Al2O3-water) and 

hybrid nanofluid (Al2O3-Cu-Water) to heat 

transfer, the local Nusselt number and the 

average Nusselt number are evaluated which 

are expressed as: 

 

Nu = −
k𝑛𝑓

kf
(

∂θ

∂X
)

X=0
      (19) 

𝑁𝑢𝑎𝑣𝑔 = ∫ ∫ NuldZdY
1

0

1

0
     (20) 

In the case of hybrid nanofluid, k𝑛𝑓  will be 

replaced by the thermal conductivity of hybrid 

nanofluid kℎ𝑛𝑓. 
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3. Numerical Approach 

 The finite volume method (Patankar [24]) is 

used to linearize the governing equations 

(equtions:7-11). The obtained discretized 

algebraic equations are then converted to a 

tridiagonal matrix system. The solution is based 

on the TDMA algorithm. The velocity-pressure 

coupling problem is treated using the SIMPLEC 

algorithm. A numerical code is built in 

FORTRAN language. The solution is obtained 

by solving the linearized equations line by line. 

The convergence criteria of the numerical 

model is based on the calculate of absolute 

normalized residuals of the equations that have 

been summed for all cells of the computational 

domain (Hoffman [25]). The flowchart 

describing the numerical resolution steps is 

presented in the Fig.2.  

 

Fig.2. Sequence of steps in the SIMPLEC flowchart. 

To check the grid independence to 

numerical solution, five grids generated with 

different sizes are tested. Uniform grid is 

chosen in all directions as depicted in the Figure 

2. For an optimum solution between results 

precision and time of the system resolution 

(Table 3), the grid 61×61×61 is kept in this 

study. 

To validate our computational study, the 

 

Fig. 3. Generated grid in the three direction of 

the studied cavity. 

presents obtained results are compared to 

literature available data; Fusegi et al. [26], Tric 

et al. [7], Peng et al. [27], Lo et al. [28], Ravnik 

et al. [8] and Ternik [9] in free convection of the 

air in the cubic cavity at the Rayleigh number 

between 103 to 106. The Table 4 summarized the 

data comparison between our findings and the 

results of the corresponding benchmark studies. 

As shown in the table good agreement is 

observed between our simulations and those 

reported by the previous researchers. In fact, the 

maximum relative error is found to be 1.12%.   

Table 3 Grid sensitivity study for Ra=105  

𝝋𝒉𝒑 = 𝟑% and 𝝋𝒉𝒑 = 𝟓% hybrid nanofluid. 

Grid size 
Nuavg for 

 𝝋𝒉𝒑 = 𝟓% 
Relative error 

𝟐𝟏 × 𝟐𝟏 × 𝟐𝟏 5.1119 - 

𝟑𝟏 × 𝟑𝟏 × 𝟑𝟏 4.8796 4.67% 

𝟒𝟏 × 𝟒𝟏 × 𝟒𝟏 4.7912 1.81% 

𝟓𝟏 × 𝟓𝟏 × 𝟓𝟏 4.7453 0.95% 

𝟔𝟏 × 𝟔𝟏 × 𝟔𝟏 4.7168 0.60% 

𝟕𝟏 × 𝟕𝟏 × 𝟕𝟏 4.6965 0.07% 

𝟖𝟏 × 𝟖𝟏 × 𝟖𝟏 4.6752 0.06% 

 

 Numerical simulations are used to study the 

operation and properties of modeled systems of 

real and often complex phenomena and to 

predict their evolution. If their use is generally 

more economical and flexible than real 

experiments, validations are always essential to 

guarantee their relevance. 
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Table 4 Comparison of the average Nusselt 

number of the air in natural convection in the 

cubic cavity. 

 The second validation concerns an 

experimental configuration presented by 

Bajorek and Lloyed [29]. The experimental 

setup and the approach applied to perform the 

measurements are presented in this reference. It 

consists of an air-filled cavity with or without 

partitions for Grashof numbers between 

1.7×105 and 3.0×106 whose vertical walls are 

kept at constant temperature. While the other 

horizontal walls are adiabatic. A comparative 

investigation between our numerical and 

experimental results from Bajorek and Lloyed 

[27] for the air temperature profiles in the cavity 

is given by Fig. 4. The results show that there is 

a very good agreement with a relative error of 

less than 2.06%.  

 
Fig. 4. Comparison of the obtained results 

concerning temperature profile versus 

experimental values of Bajorek and Lloyed [29]. 

 

 

 

4. Results and discussion 

 In this inquiry, free convection heat transfer 

in three-dimensional cubic enclosure filled with 

a hybrid nanofluid is numerically examined. 

The hybrid nanofluid Al2O3-Cu-water is 

considered with various volume fractions of Cu 

and Al2O3 nanoparticles by considering the 

mixture of Al2O3 nanoparticles and Cu-water 

nanofluid to form the required hybrid nanofluid 

φhnf = 𝜑𝐴𝑙2𝑂𝟑
+ φCu  .The volume fraction 

taken in this work is less than 5%, and the 

Rayleigh number ranges from 103 to 106. 

Particular attention is given to hybrid nanofluid 

with low volume fraction of metal Cu 

nanoparticles. 

 

4.1 Temperature contours 

 Fig. 5 illustrates the temperature contours in 

the central plane (a) X=0.5, (b) Y=0.5 and (c) 

Z=0.5. Comparing the temperature field’s pure 

water and hybrid nanofluid (Al2O3-Cu-water), 

we note practically similar temperature 

repartition in the central part of the cavity. The 

difference between pure fluid (φhnf=0%) and 

hybrid nanofluid with φhnf=5% can be clearly 

seen in the dominated conduction cases (small 

Rayleigh number). We noted that at a smaller 

flow velocity, higher volume fraction displaced 

the temperature, contour far from the wall and 

hence reduced the temperature gradient. The 

latter is much lower than the improvement 

obtained at high Rayleigh number. In cases of 

dominating convection (high Rayleigh number), 

this influence is much smaller and has no major 

impact on total heat transfer. 

 

 

 

 

 

 

 

 

 

 

 

 

Ra 103 104 105 106 

Present study 1.073 2.077 4.373 8.698 

Tric et al. [7] 1.070 2.054 4.337 8.641 

Ravnik et al. [8] 1.071 2.056 4.343 8.679 

Ternik [9] 1.071 2.049 4.327 8.627 

Fusegi et al. [26] 1.085 2.100 4.361 8.770 

Peng et al. [27] 1.075 2.085 4.378 ---- 

Lo et al. [28] 1.071 2.054 4.333 8.666 
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(a)                                           (b)                                            (c) 

Fig. 5. Temperature contours on the central plane (a) X=0.5, (b) Y=0.5 and (c) Z=0.5, for water (___) 

and hybrid nanofluid (Water-Al2O3-Cu) (----) for different Rayleigh numbers, φhnf = 5%. 

The Fig. 6 realizes the streamlines for the 

hybrid nanofluid (water-Al2O3-Cu) in the plane 

Y=0.5, Ra in the range of 103 to 106 with a 

volume fraction 𝜑ℎ𝑛𝑓 = 5%   . The otained 

results in the case of the base fluid (water) are 

also plotted in the same figures in order to 

compare and to highlight the impact of the 

dispersion of the nanoparticles (Al2O3 and Cu) 

on the dynamic temperature field. It is observed 

that the flow structure is characterized a single 

cell occupying practically the entire cavity for 

the different values of the Rayleigh number 

used in this study.   
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 The values of ѱ (Stream function) increase 

with the rise of Rayleigh number. Thus, it is 

revealed that the pure fluid flow is stronger than 

the hybrid nanofluid flow for 𝑅𝑎 ≤ 104 . The 

streamlines become tighter next to the side 

walls. However, the cells shape changes 

completely for flow with 𝑅𝑎 ≥ 104. The hybrid 

nanofluid flow then becomes the strongest. 

According these figures, it is found that the 

water and the hybrid nanofluid have 

approximatively the same dynamic behavior.  

 

Ra=103      Ra=104 

 

{
|ѱ|f,max = 3.0434

|ѱ|hnf,max = 0.9744
      

|ѱ|f,max = 5.65293 

|ѱ|hnf,max = 5.6617
 

 

Ra=105      Ra=106 

 

{
|ѱ|f,max = 12.8673

|ѱ|hnf,max = 13.7830
      

|ѱ|f,max = 23.65229 

|ѱ|hnf,max = 25.5128
 

Fig. 6. Streamline for water (___) and hybrid nanofluid (Water-Al2O3-Cu) (----) for various Rayleigh 

numbers, φhnf = 5% plotted at the plane Y=0.5. 

 

4.2 Velocity profiles 

 The variety of non-dimensional vertical 

velocity W and horizontal velocity U for 

different positions of Y, in the case of a hybrid 

nanofluid with Ra=103,104, 105 and 106 is 

presented in Fig. 7. The three-dimensional 

nature of the flow is apparent as there is a 

significant difference between the velocity 

profiles U and W for different Y-planes. For 

Ra=103 and 104, the maximum velocity is 

reached at Y=0.5 and between 0 < 𝑋 < 0.5 and 

0 < 𝑍 < 0.5 for the two components U and W 

respectively. Also, all velocity profiles indicate 

a null velocity located at the middle plane X = 

0.5 and Z = 0.5. Because of the significant 
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velocity gradients observed for the small X and 

Z distances, the values of velocity are widely 

higher than those observed nigh the upper wall 

characterized by high X and Z values. This 

result is explained by that the fluid in the lower 

part of the main vortex must pass through a 

smaller region. The main role of the back wall 

in this case is only to decrease the magnitude of 

the velocity for Y = 0.05 due to viscous effects. 

Nevertheless, there is no notable change in the 

velocity profile shape. For Ra=105 and 106 

significant effect of the rear walls is observed. 

The Fig 5 indicates that the back hot wall has a 

great effect on the temperature profiles 

especially beside the wall. 
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Fig. 7. Velocity profiles U (Z) and W(X) along the mid-part of the cube for various values of 𝒀 and different Ra 

for water/Al2O3-Cu hybrid nanofluid at 𝝋𝒉𝒑 = 𝟓%. 

 Fig. 8 presents specific profiles for of 

velocity U(Z) in function Z and velocity W(X) 

in function X for water/Al2O3-Cu hybrid 

nanofluid at mid-party of the enclosure Y = 0.5 

for Ra from 103 to 106 and for three values from 

𝜑ℎ𝑝  ( 0% , 3%  and 5% ). In the case of the 

dominance of heat transfer by conduction (Ra = 

103), it should be to note that the water reachs 

high velocities. While, the addition of the solid 

nanoparticles leads to retard the fluid flow. 

Therefore, the reduction in velocity results in a 

decrease in convective heat transfer effect. 

Nevertheless, as the thermal regime is mainly 

transported by conduction, the decrease caused 

by the low velocity is practically small and the 

overall heat transfer of the hybrid nanofluid is 

very inportant due to the great thermal 

conductivity of a hybrid nanofluid. 

 In the cases of Rayleigh number upper than 

Ra = 104, the convection is dominated. In fact, 

we observed that the velocities achieved by the 

hybrid nanofluid are higher than those of the 

base fluid. Therefore, the use of hybrid 

nanofluids increase the velocity, and as a result, 
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an improvement of heat transfer is obtained. 

The increase in heat transfer relative to the 

convection dominate is lawer than that of the 

heat conduction dominated case, which is due 

to the important increase in thermal 

conductivity as nanoprticules dispersed in the 

pure water. 
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Fig. 8. Velocity profiles U (Z) and W(X) for 𝝋𝒉𝒑 = 𝟎%, 𝟑% , 𝟓% and different Rayleigh number (Ra). 

 

4.3 Nusselt Number 

 Quick analyses of Fig. 9 reveals that the 

Nusselt number local variation along the left hot 

wall of the cubic at the volume portion of the 

nanoparticles 𝜑ℎ𝑛𝑓 = 5%   distinct Rayleigh 

numbers between pure water, water/Al2O3 and 

water/Al2O3-Cu. In addition, it appears from the 

figures at Ra = 103 that the enhancement is 

noticed with the augmentation of volume 

fraction of the nanoparticles for both nanofluids 

and hybrid nanofluids against pure water. The 

buoyancy force is weak with great contribution 

of convection in heat transfer compared to 

conduction. Consequently, for Ra =104, the rate 

of heat transfer rises with a larger concentration 

of nanoparticles. 

 At Ra =105 and Ra=106 the fluid flow is 

superior to that at Ra =104. It shall be noted that 

by raising the values of Ra, local Nusselt 

number raises and becomes more than ten times 

its value at the wall (Z =0). An improvement in 

heat transfer is achieved as a result of the 

increase in the volume fraction; consequently, 

the local Nusselt index for nanofluid 

(water/Al2O3), hybrid nanofluid (water/Al2O3-

Cu) and pure water occurs at the upper end of 

the hot wall. The hybrid nanofluid has the 

highest values of the local Nusselt Index 

compared to traditional nanofluid and pure water. 

 To allow for a broader comparison, Fig. 10 

illustrates the evolution of the average Nusselt 

numbers with volume fraction for different Ra. 

It can be seen that the Nuavg increases linearly at 

higher volume fraction for both the nanofluid 

and hybrid nanofluid cases, revealing a better 

heat transfer situation. For similar volume 

fractions, the average Nusselt number estimates 

 for the hybrid nanofluid are higher than those 

for the nanofluid. 
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Fig. 9. Nusselt number repartition alongside the heated surface at Y = 0.5 for 𝝋𝒉𝒑 =  𝟓%. 
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Fig. 10. Evolution of the Nuavg of the nanofluid and the hybrid nanofluid as a function of 𝜑 for different 

numbers of Ra. 

 The effectiveness of nanoparticles addition 

on free convection heat transfer enhancement in 

closed cavities is estimated by increases rate 

given by: 
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𝐸(%) =
𝑁𝑢𝑎𝑣𝑔,ℎ𝑛𝑓 − 𝑁𝑢𝑎𝑣𝑔,𝑓

𝑁𝑢𝑎𝑣𝑔,𝑓
× 100 (21) 

 Heat transfer enhancement by adding 

nanoparticles at various 𝑅𝑎  in the case of 

nanofluid and hybrid nanofluid is shown in Fig. 

11.  It is shown that E (%) express a similar 

pattern of increment as indicated by the volume 

fraction for every single thought about 

estimation of 𝑅𝑎. In any case, the increase rate 

obtained for Ra=103 is a greater than those 

determined for 𝑅𝑎=104 ; 105; 106. In later case 

of higher Rayleigh number, the increase rate is 

enhanced. However, the impact of the 

nanoparticles addition is clear when its fraction 

exceeds 2%. 
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Fig. 11. Evolution of the rate of increase of the Nuavg relative to the volume fraction at 𝑹𝒂 from 103 to 106 for 

nanofluid and hybrid nanofluid. 

 

5. Conclusion 

 In this work, the free convection in heat 

transfer and fluid flow of water/Al2O3 nanofluid 

and water/Al2O3-Cu hybrid nanofluid within 

three-dimensional cavity was investigated 

numerically. The finite volume method was 

chosen to solve the guiding equations.  

 The effects of various important factors 

Rayleigh number (103-106), hybrid volume 

fraction ( 0 ≤ 𝜑ℎ𝑛𝑓 ≤ 0.05 ) and nanoparticle 

types on the heat transfer rate as well as the 

velocity profiles are investigated. The main 

results found in this paper are as follows:  

• The heat transfer is improved with 

increasing the volume fraction and Rayleigh 

number. 

• The use of hybrid nanofluid provide higher 

heat transfer in comparison to nanofluid. 

• An enhancement of heat transfer is more 

effectiveness in the case of dominant 

conduction (low Rayleigh number). 

However, the increase of the Rayleigh 

number reverse trend is noticed, in fact, the 

heat transfer becomes high in the case of 

dominant heat convection. 

• The hybrid nanofluid provide high effect on 

the Nusselt number at Ra=104 Rayleigh 

number. 

The effect of nanoparticles on isotherms is more 

marked in the case of hybrid nanofluid. 

• For similar volume fractions, the average 

Nusselt number values for the hybrid 

nanofluid increase up to 1.85% in the case of 

the Rayleigh number compared to those of 

the nanofluid 
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