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1. Introduction

Double-diffusive  convection,  which camse [7], Chang [8], Hill and Carr [9], Hill

depicts convection driven by two separate
density gradients, has sparked many research
activities in recent years because of its broad
range of applications. Some unique areas of
application include the growth of metal
crystals, solar ponds, insulation of buildings
and equipment, energy storage and recovery,
geothermal energy extraction and reservoirs,
dispersion of pollutants in the environment, the
underground disposal of nuclear wastes and
material and food processing (Nield [1],
Straughan [2]). Among the most recent
contributions are (Capone et al. [3], Chaya and
Gangadharaiah [4], Malashetty and Biradar
[5], Malashetty et al. [6], Gangadharaiah et al.

and Straughan [10]).

Convective motion in composite layers
due to volumetric heating has attracted
immense attention in the current past because
of its prevalence in energy-related and
geophysics engineering problems, including
underground disposal of radioactive waste
materials, heat removal from nuclear fuel
debris, storage of food-stuff, exothermic
chemical reactions in the packed-bed reactor
and so on. Recent contributions include
(Carr [11], Suma et al. [12], Khalili et al. [13],
Gangadharaiah et al. [14], Shivakumara et al.
[15], Gangadharaiah[16], Gangadharaiah and
Ananda [17], Straughan[ 18], and
Gangadharaiah and Suma[19]).
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Nomenclature

horizontal wave number
differential operator
acceleration due to gravity

a

D

g

O, heat source in the porous layer

Ns dimensionless heat source in the fluid
layer

Da  Darcy number
R, Thermal Rayleigh number

Ry Solute Rayleigh number

W perturbed vertical velocity
Pr  Prandtl number for fluid layer

B slip parameter

V;  horizontal Laplacian operator

Vv? Laplacian operator

&p  ratio of thermal diffusivities
x  thermal diffusivity
M Afluid viscosity

O temperature dependent surface tension

d  thickness of the porous layer

d, thickness of the porous layer

O  heat source in the fluid layer

Ns,, dimensionless heat source in the porous
layer

n, inverse porous Lewis number for porous

layer
P pressure

1,  temperature at the interface
n inverse fluid Lewis number for porous

T temperature

Pr,  Prandtl number for porous layer
Vv  velocity vector (u, v, w)

Ms  Solute Marangoni number

velocity vector

N
”

¢ porosity of the porous medium

0 amplitude of perturbed temperature
P, fluid density

% kinematic viscosity

In this study, we combine a two-layer
system consisting of a layer of fluid
superimposing a porous layer saturated with
the same fluid (e.g., Sheng and Chen et al.
[20], Saleem et.al. [21], Gangadharaiah [22]
and Princewill [23], with double-diffusive
convection.

A lot of study attention in terms of
single-layer models, both liquid and porous
(Hill [24, 25], Malashetty and Biradar [5],
Gangadharaiah et al. [26]). Chang [27]
considers this situation in the context of fluid
floating on top of porous media. This article
advances the fluid-porous model by allowing
for double-diffusive convection for the first
time. Double-diffusive Marangoni convection
in a two-layer system is studied by
Gangadharaiah [22]. Double-diffusive
convection induced by selective absorption of
radiation in a two-layer system reviewed by
Princewill [23] and recently double-diffusive
surface driven convection in a fluid-porous

system is studied by Gangadharaiah [28]. In
this work, double-diffusive convection in
composite layers with an internal heat source is
checked using a linear instability analysis. The
analytical solution that is obtained is analyzed
by varying the governing parameters.

2. Conceptual Model

We consider the horizontal two-layer
system of an anisotropic porous bed of width
dm underlying a fluid layer of width d,the

lower boundary of the porous layer is taken to
be rigid(see Fig.1).
K

T.(<T)

u

N

Fig. 1. Physical configuration
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3. Mathematical Formulation

The mathematical governing relation for
the above configuration are

3.1 Fluid zone

V-V =0 (1)
vV .\ )
p0(5+(V-V)Vj—,uV V-Vp o

g p,(1-a, (T-T,)+ . (C-C,))
oT

—+(V-V)T=1,V'T+ 3
> (V-v)T=2,v'T+Q 3)
oC [~ )
—+(V-V)C=4.VC 4
—+(7v)Cc=2 (4)
3.2 Porous zone
Vm . Vm_’: O (5)
POV, =-V,p, _ﬁﬁm
¢ ot K (6)
oT -
A_m+ (I/m ’ vm )T;n = ﬂ’vazT:n + Qm (7)
ot
oC -~
(v -v)C =2, V'C 8
8[ ( m ) m Cm m ( )
In order to investigate the stability of the
fundamental solution, infinitesimal

disturbances are introduced.
V=V.T=T,(z)+T'&

C=C,(z)+C,p=p,(2)+p' 9)
17 :I}’W't’T;n :Tmb (Z)+T;:z >

C,=C,(2)+C,.p, =P +p,, (10)
The dimensional less  disturbance
equations are given by( after linearization)

ov?
! atW=R,v§9—RSv§C+v“w (11)
, 0
(—v +—jT=wf(z) (12)
ot
(E—UVZJC:W (13)
ot

h™m Sm o~ h " m

1 0
(——+V2]wm =RV0 -R V.C (14)

0
(A——szTm =w,/(2,) (15)
ot
0 2
(a — j m (16)
I . : . .
Where 7 =— 1is the inverse fluid, Lewis
Le
1
number 77, = L—is the inverse porous Lewis
em
a, d’p, AT
number, R, =894 P27 is the thermal
Arkt
d’ p,AC
Rayleigh number, R, = %@ 2 is the

At

solutal Rayleigh number and

5 5
Ry =—"—5R,, Rs=—"—3K,,
ErELO ErECO

3.3 Normal mode analysis
(w, T, C)=[W(2),0(z),8(z)] f(x.3) (17)
(w,.1..C,)=[",(z,).9,(z,).5(z,)]
fu(x,53,)

(18)
Where f'(x,y) and f,, (xm, ym) are horizontal

plan forms satisfying V,f=-a’f and

Viihfm = _ajzfm .

Substituting Egs. (17) - (18) in Eqgs. (11) - (16),
we obtain the following ordinary differential
equations:

(D*~a*) W=R,O-RS

(19)
(D2 —a2)® = —Wf(z)

(20)
n(D*-a*)S=-w Q1)
(D} -a;)W,=R,0,-R,S, (22)
(D; —ai)@m =W, f(z,) (23)
n,(D)-a;)S, =W, (24)

The boundary conditions are of the form
W=DO=DS=0 at z=1 (25)
DW =0atz=1 (26)
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DO =DS =W =0atz, =-1 (27)

and at z=0, are

w :£Wm (28)
gT

DO=D O (29)

DS=D.S, (30)
Iy

0=-L0, (31
g
&

s=t3, (32)
g

| D*=3a’ | DW = - D W, (33)

Se,

_ 3
[Dz ; } ;‘—ijWm (34)
T

4. Solution by regular perturbation
technique

The dependent variables are now

expanded in powers of @’ in the form

(r.0.5)=X(a") (7.0,5) 09

i=0

N 2\
(Wm,@)m,sm):Z(%J (w,.0,.5.)  (36)
i=0

Substituting these equations in to obtained
eigen value problem and collecting the leading

. 2
order in a” become,

D*W, =0 (37)
D0, =-W,f(z) (38)
nD’S, =W, (39)
DIW, =0 (40)
D2® == mOf(Zm) (41)
aniSmo =W, (42)

and the boundary conditions (25)—(34) become
W,=0,DO,=0, DW,=0 atz=1 (43)
w.,=0,D0®  =0,atz =-1 (44)

and atz =0, are

o=,

m0
T

(45)

g
0,= 70, (46)
&,
SO = ?SmO (47)
DG) Dm®m0 (48)
DS,=D,S, , (49)
3
pw, -2 pw, =% _p . (50)
o o€,
4/4
B
The solution above equations is given by
& &
w,=0, ®0=?T, SO=?S (52)
w.=00,,=1S§, =1 (53)

the first order in a?, Eqs(37)-(42)then

reduce to
1

D*'W, =—(&;R, —&R,) (54)
¢
&
D’®, —?T=—Wl f(2) (55)
nD’S, 1=~ (56)
Dri Wml = (Rm _RSm) (57)
D.®,, -1=-W, f(z,) (58)
anriSml 1 = _W:nl (59)

and the boundary conditions (25)—(34)

become

I/le = 0’ Dm®ml = O’ at Zm = _1 (60)
W =0=DW,D® =0, atz=1 (61)
and atz =0, are
W=, (62)
gT
&
0, = ?T@)m1 (63)
=% S . (64)
¢
DO, =D O (65)
DS,=D,S,, (66)
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éVDW—_aéV DW,

D*W, - 67
) Se, 7
4/4
D'W,=—=>-D W,.. (68)
5’e;
Then solvability condition is given by
1 1 0
[rewdzs— [w, d (e +2)
0 é/ -1 é/
+ =4 +
+1
—.[Wdz—i- I o (r > )
7% 4
(69)

The general solution of Egs. (54)&(57)are
respectively given by

1 ) , z
W,=—(&,R, —&R;)| ¢, +c,z+c,z" +¢,2° +—
I 24

(70)

ZZ
W, =(R, —RSm)(cs +¢,z,, +7'"J (71)

Where

¢, =30, 2emo+la),
=(-26-3¢*a+s¢70n)A

¢ =Te,and (-6 -1),

&6 (2e0+¢ega)
N 26A ’
—6&, (25 + &)
Cs=C4 = 42 A

A=6 SRy + (2 ne,-3 RS) Ca
Substituting for, andW in Eq.(69), we

obtain an expression for the solute Rayleigh
number R in the form

720626.6% (3670 (~Rs+&41,, )+
- 3as(e, - e, ) +al 1+ e, &,)
" A +A,

(72)
Where

A = 58T§25Rsm+(2ngsi7mgT -3Rsm§2)§3,
A, =(27°¢,+5Rs,5" ) at6 4 SRs,.

5. Results and Discussion

The onset of penetrative convective
motion in a two-layer system composed of a
horizontal binary fluid with a porous layer has
been examined. The perturbation technique is
used to solve the resulting eigenvalue problem.
We now present analytical findings obtained
for the effects of Solutal Rayleigh number R,
depth ratio ¢, volumetric heat source strengths

(Ns&Ns, ), inverse fluid Lewis number?7,

and inverse porous Lewis number7],,.

Throughout the calculations, we choose

parameter values consistent with previous

studies, namely e7= 0.7, g5=3.75, a = 0.1.
Setting R, = 0and

internal heating(Ns =0),

in the absence of
the known exact

value R° = 720 (Sparrow et al. [29]) is retrieved
for single fluid layer case (¢ >>1), and in the

lack of internal heating (Ns, =0), we recover

the known exact value R, =12 (Nield and
Bejan [1]) for single porous layer case
(¢ <<1)

To assess the effect of heat source
strength, Fig. 2 depicts the impact of Solutal
Rayleigh number R, versus depth ratio ¢ for
two different values of heat source strengths
(Ns=Ns, =0& Ns = Ns, =5)with
n,=n=02&Rs, =02.1t  should be
observed that for the above-mentioned values

heat sources, the Solutal Rayleigh number
reaches higher values at lower values of &

and internal heating in both layers hastens the
onset of convection.

It is obvious to notice that the influence of
the inverse fluid and porous Lewis numbers

n& n, on the fluid-porous layer mode. It is
observed that from Fig.3 and Fig. 4, the Solutal
Rayleigh number reaches higher values at
lower values of{. The porous zone is
dominating as ¢ decreases and system gets
stable for higher values of Lewis numbers

77& 77m'
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Figure 5 depicts a variation of the R,
and Rs, with respect to inverse fluid and
porous Lewis numbers, 7 &7, .Positive

increments 77 & 77, appear to generate more

instability in the system, allowing convection
to begin.
Figure 6 shows a variation of the R and

Rs,, with respect to £. It is discovered that
R, increases with Rs, regardless of the
variations of ¢. We conclude that R has a

linear relationship with R .

Ns=Ns =5

1.2+

m

0.9

0.6

0.34

0.0 ey e

0.01 0.1 é’ 1

Fig. 2 R,, versus ({ for different values of Ny & Ny,
with  =7=0.2 &Rs, =0.2.

3.0

254

0.5

0.0 —— ey

0.01 0.1 g 1
Fig. 3 R, versus ¢ for different values of 7, with

7n=02,Ns =Ns, =5 &Rs, =0.2.

0.75 4

0.154

0.00 e e

0.01 0.1 é’ 1

Fig. 4 R,, versus ( for different values of 77 with

n, =02,Ns=Ns, =5 &Rs, =0.2.

n=n,=0.01,0.1,0.2,0.4,0.6,0.8,1

0 . : . : . T . .
0 1 2 3 R 4
m

Fig.5 R versus Rs  for different values of

n&mn, with Ns =Ns =5 &¢ =1.

5

R, £=0.1,02,04,0.6

5

Fig. 6 R versus Rs  for different values of &

with Ns =Ns, =5 &n=n,=0.2.

6. Conclusions
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Double-diffusive convective motion
in a system composed of a horizontal
binary fluid with a porous matrix has been
investigated. The key outcomes of the
study of linear stability are defined as
follows:

e  Stabilization of the system is
achieved by increasing the internal heat
sources in both fluid and porous layers.

e  Depth ratio ¢ increases, which

means that when the fluid layer is
relatively thick, the system’s instability
develops.

e  Stabilization of the system is
achieved by increasing the inverse fluid
and porous Lewis numbers.

e  The Rayleigh number R has a

linear relationship with Rs, .

References

[1] Nield DA, Bejan A, Convection in porous
media, 3rd edn. Springer, New York (2006).

[2] Straughan B, The energy method, stability,
and nonlinear convection. Applied
mathematical  sciences, Springer, New
York(2004).

[3] Capone F, Gentile M, Hill AA, Double-
diffusive penetrative convection simulated via
internal heating in an anisotropic porous layer
with  throughflow, Int J Heat Mass
Transf,54(2011) 1622-1626.

[4] Chaya TY and Gangadharaiah YH, combined
impact of internal heating and variable
viscosity on the onset of Benard-Marangoni
double-diffusive convection in a binary fluid
layer, International Journal of Mechanical and
Production  Engineering Research  and
Development,10( 2)( 2020) 385-396.

[5] Malashetty MS, Biradar BS, The onset of
double-diffusive reaction-convection in an
anisotropic porous layer, Phys Fluids, 23(2011)
064102.

[6] Malashetty MS, Tan W, Swamy M, The onset
of double-diffusive convection in a binary
viscoelastic fluid-saturated anisotropic porous
layer, Phys Fluids, 21(2009) 084101.

[71 Gangadharaiah et al., linear and nonlinear
gravity field variation on double-diffusive
convection in a porous layer, lecture notes in
mechanical engineering,

(2021)https://doi.org/10.1007/978-981-16-
0942-8 47

[8] Chang MH, Thermal convection in superposed
fluid and porous layers subjected to a plane
Poiseuille flow, Phys Fluids, 18(2006) 1-10

[91] Hill AA, Carr M, Sharp global nonlinear
stability for a fluid overlying a highly porous
material, Proc R Soc Lond A, 466(2010) 127—
140.

[10] Hill AA, Straughan B, Global stability for
thermal convection in a fluid overlying a
highly porous material, Proc R Soc Lond A
465(2009) 207-217.

[11] M. Carr, Penetrative convection in a
superposed porous-medium—fluid layer via
internal heating, J. Fluid Mech, 509(2004)
305-3209.

[12] Suma S.P., Gangadharaiah Y.H, Indira R.,
Shivakumara 1.S, Throughflow effects on
penetrative convection in superposed fluid and
porous layers, Transp. Porous Med. 95, (2012)
91-110.

[13] Khalili, A., Shivakumara., 1.S, Suma, S.P.,
Convective instability in superposed fluid and
porous layers with vertical throughflow,
Transp. Porous Med. 51, (2003) 1-18.

[14] Y. H. Gangadharaiah, K. Ananda, H.
Nagarathnamma, H, Marangoni convection
in superposed fluid and anisotropic porous
layers with throughflow Malaya Journal of
Matematik, 8,(2020) 845-851.

[15] Shivakumara, I. S., S. P. Suma, R. Indira, and
Y. H. Gangadharaiah, Effect of internal heat
generation on the onset of Marangoni
convection in a fluid layer overlying a layer of
an anisotropic porous medium, Transp. Porous
Med, 92(2012) 727-743

[16] Gangadharaiah. Y.H., Onset of Benard—
Marangoni convection in a composite layer
with an anisotropic porous material, Journal of
Applied Fluid Mechanics, 9( 2016) 1551-1558.

[17] Gangadharaiah YH and Ananda K,
Influence of viscosity variation on surface
driven convection in a composite layer with a
boundary slab of finite thickness and finite
thermal conductivity, JP Journal of Heat and
Mass Transfer, 19(2020) 269-288.

[18] B. Straughan, Surface-tension-driven
convection in a fluid overlying a porous layer,
Comput. Phys, 170 (2001) 320-337.

[19] Gangadharaiah, Y. H., Suma, S. P., Bernard-
Marangoni convection in a  fluid layer
overlying a layer of an anisotropic porous
layer with a deformable free surface,
Advanced Porous Materials, 1(2), (2013)229-
238.


https://doi.org/10.1007/978-981-16-0942-8_47
https://doi.org/10.1007/978-981-16-0942-8_47
https://scholar.google.co.in/scholar?oi=bibs&cluster=364994395368418404&btnI=1&hl=en
https://scholar.google.co.in/scholar?oi=bibs&cluster=364994395368418404&btnI=1&hl=en
https://scholar.google.co.in/scholar?oi=bibs&cluster=364994395368418404&btnI=1&hl=en

Gangadharaiah et al.
International Journal of Thermofluid Science and Technology (2022), Volume 9, Issue 1, Paper No. 090103

[20]

[21]

[22]

[23]

[24]

Sheng Chen, Jonas Tlke, Manfred Krafczyk.,
Numerical investigation of double-diffusive
(natural) convection in vertical annuluses with
opposing temperature and concentration
gradients, International Journal of Heat and
Fluid Flow, 31(2)(2014) 217-226.

Saleem, M., Hossain, M. A., Suvash C. Saha.,
Double diffusive Marangoni convection flow
of electrically conducting fluid in a square
cavity with chemical reaction. J. Heat Transfer,
136(6),(2014) 1-9.

YH Gangadharaiah, Double diffusive
Marangoni convection in superposed fluid and
porous layers, Int. J. Innovative Research Sci.
Eng. Tech, 2 (2013) 2625-2633.

Princewill Baysa Olali, Double-diffusive
convection induced by selective absorption of
radiation in a fluid overlying a porous layer,
Meccanica,48(2013) 201-210.

Hill AA, Double-diffusive convection in a
porous medium with a concentration-based

[25]

[26]

[27]

(28]

internal heat source, Proc R Soc A ,461(2005)
561-574.

Hill AA, Penetrative convection induced by
the absorption of radiation with a nonlinear
internal  heat  source, Dyn  Atmos
Ocean,38(2004) 57-67

Gangadharaiah, Y. H, Nagarathnamma,
Hanumagowda, Combined impact of vertical
throughflow and gravity variance on Darcy-
Brinkman convection in a porous matrix,
International Journal of Thermofluid Science
and Technology, 8,(2021) 080303.

Chang MH, Stability of convection induced by
selective absorption of radiation in a fluid
overlying a porous layer, Phys Fluids, 16(2004)
3690-3698.

Gangadharaiah, Y. H, Double diffusive
surface driven convection in a fluid-porous
system, International Journal of Thermofluid
Science and Technology, §,(2021) 080301.


https://scholar.google.co.in/scholar?oi=bibs&cluster=8198155680665542386&btnI=1&hl=en
https://scholar.google.co.in/scholar?oi=bibs&cluster=8198155680665542386&btnI=1&hl=en
https://scholar.google.co.in/scholar?oi=bibs&cluster=8198155680665542386&btnI=1&hl=en

