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Abstract 

The present study focus on both free and forced convective heat transfer through a nanofluid 

in two dimensions past stretching vertical plate. This free and forced convective heat transfer 

in Cu–water Nanofluid past permeable flat vertical semi-infinite plate was due to high 

conductivity and its occurrence. In this paper magnetic field and also heat source were 

considered. In graphs the effect on various parameters such as Reynolds number ( R e ) , solid 

volume fraction ( ), magnetic field parameter ( M ), inclination angle of the plate (  ), heat 

source parameter ( Qh ), on linear velocity (U ), vertical velocity (V ) and temperature (  ) 

were exhibited. The profile of every governing parameter is displayed for natural as well as 

forced convection by considering the Ar >>1 and Ar <<1 respectively. This rate of heat 

transfer in forced convection is more than equivalent in free convection. So these problems 

have several applications in engineering and petroleum industries such as electroplating, 

chemical processing of heavy metals and solar water heaters. Inertial force reducing the heat 

transfer rate in natural convection but the enhancement of Nu  observed in forced convection. 

The composition of metal particles enhances the heat transfer rate in both convections, which 

emphasizes the nanofluid significance. Lorentz force is enhancing the heat transfer rate 

slightly. Heat source obviously increase the rate of heat transfer in both convections. The 

present paper aims to study the convective high temperature transfer of nanofluids into which 

viscosity proposed by Einstein and thermal conductivity proposed by Corcione were used. 

Keywords: Viscosity; Thermal conductivity; Heat source; MHD; Convection; Thermal slip; 

Runge– kutta–6th order   method; Stretching vertical plate. 

1. Introduction 

From latest record of the fluid dynamics a number of applications in several engineering 

problems due to a stretching sheet has gained interest in various applications which includes 
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aerodynamic extrusion of plastic sheets, the boundary layer along a liquid film in 

condensation process, the cooling of metallic plate in a cooling bath, glass and fiber 

industries and polymer extrusion in which extradite emerges from a narrow slit. The study of 

two-dimensional fluid flow over a linearly stretching surface was first investigated by Crane 

[1]. In later stages these problems were extensively studied in various directions for example 

non-newtonian fluids, porous space and magneto hydrodynamics etc. Some recent 

investigations were presented interestingly by Gupta et.al [2], the physical situations were 

clearly discussed by Chen and Char [3]. Another important physical phenomenon is the 

difference between the surface temperature and the free stream temperature is appreciably 

large. Hence, the conclusion for such a physical phenomenon will have a definite bearing on 

the plastic, fabric and polymer industries. So it is interesting to study the effects of thermal 

buoyancy and the Prandtl number parameter. In fact, the buoyancy force stem from the 

heating or cooling of a continuous stretching sheet differ the flow and the thermal fields, and 

thereby heat transfer characteristics of the manufacturing procedure but such effects were not 

considered in the study. The effects of the thermal buoyancy force on the newtonian / non-

newtonian fluid flow and heat transfer over a stretching sheet were reported by many 

investigators as explained in [4-11]. In addition to that both free and forced convection of 

heat transfer with a stretching sheet maintained at a variable temperature, this study was 

investigated by Vajravelu [13]. The other related analyses were performed numerically by 

Chen and Strobel [14] and Moutsoglou [15] for newtonian fluids under various physical 

situations. The influence of convective boundary conditions on hydro-magnetic mixed 

convection with heat and mass transfer past a vertical plate embedded in a porous medium 

were recently studied by Makinde and Aziz [16].  By observing all the above analysis we 

restricted to boundary layer flow and heat transfer in newtonian or non-newtonian fluid with 

a stretching sheet. 

 

 In recent years due to budding importance of nanofluids interest has been given to the 

study of convective heat transfer of nanofluids because the thermal conductivity of these 

fluids play an important role on the heat transfer coefficient between the heat transfer 

medium, the heat transfer surface and the convective heat transfer rate is poor in fluids such 

as oil, water and ethylene glycol mixture.  Kakaç and Pramuanjaroenkij [17] have developed 

through various methods, which are proposed to improve the thermal conductivity of these 

fluids. In order to develop advanced heat transfer fluid with significantly higher 

conductivities, they are first initiated by Choi [18] this is an innovative technique which is 

used in a mixture of nanoparticles and the base fluid. By having unique physical and 

chemical properties it is referred and then nanofluid which is resulting a mixture of the base 

fluid and nanoparticles. A liquid suspension containing ultra-fine particles with diameter less 

than 50nm is described in nanofluid. A remarkable improvement in the convective heat 

transfer coefficient experimental studies shows that even with small volumetric fraction of 

nanoparticles usually less than 5% the thermal conductivity of the base fluid is enhanced 

through 10-50% this phenomenon observed by Masuda et al. [19] by the characteristic 

feature of nanofluid in the thermal conductivity enhancement. The possible uses of 

nanofluids in advanced nuclear systems were suggested by Buongiomo and Hu [20]. 

Recently the study of flow and heat transfer is studied by Bachok et al. [21] in an 

incompressible viscous fluid near the three-dimensional stagnation point of a body and it is 

placed in a water based nanofluid containing different types of nanoparticles. The available 

literature on nanofluids with heat transfer shows that the work is not carried out for viscous 
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fluid flow and heat transfer over a continuously moving surface. The number of experimental 

and numerical studies on convection flow in nanofluids (reported in the literature), still there 

is a lack of information in the problem of heat transfer enhancement over a stretching sheet 

with nanofluids. The best knowledge of the authors information no studies have been 

reported in the literature, this problem may be encountered in a number of electronic cooling 

devices equipped through nanofluids. The boundary layer and the Boussinesq approximations 

are used to simplify the momentum and the energy equations assuming that the base fluids 

and their physical/rheological properties were taken constant. The focus of the present study 

is to analyze the effect of several pertinent parameters such as the free convection parameter 

which depend on the temperature difference, nanoparticle size volume fraction and the 

internal heat source/sink parameter on the flow and heat transfer characteristics with two 

different types of nanofluid particles which are namely copper-water and silver-water case so 

the momentum and energy equations were coupled and they are non-linear.  By using 

similarity transformation these coupled and nonlinear equations are transformed into coupled 

equations by using various methods. 

 

In view of the boundary layer flow on the stretching sheet which plays a significant role 

in the application areas namely aerodynamics, plastic sheet extrusion, metal whirling, plastic 

producer, rubber sheet producer, document production and so on thus it remains on the 

leading boundary of the machinery improvement. For industrialized operations these metals 

were most commonly used alloys which heats up till it was molted, whereas it was decant 

interest in a molded material otherwise it expires which will also contain a cavity of 

necessary shape. This discovery of convective Nanofluid dominates the heat transfer 

throughout the fluid with its physically powerful property of matter (solid along with its base 

fluid). Thus the existing literature  analysis explains how to study the Nanofluid heat transfer 

by its value and it is sufficient to execute within the industry. Sarith Kumar Das [22] along 

with Xiang- Qi Wang [23] both are stressed out mainly on the need of heat transfer 

mechanism throughout Nanofluid, in addition to its interaction of metal particle by means of 

the solvent. Further many other instigators endeavor to learn the thermal conductivity and 

also viscosity through their physical parameter. Tiwari Arun Kumar  [24]  studies the 

thermal conductivity through viscosity of Nanofluid by means of a variety of models and 

also he completed existing literature and it was still ambiguous towards match trial and 

hypothetical consequences. In recent times Gbadeyan [25] reported to enhance inside 

Brownie motion which reduces the heat transfer speed. On the other hand, Hamad [26] 

completed the Nanoparticle enclosure change flow patron significantly in the base fluid. 

Again to match trial and hypothetical consequences Hassan [27] along with Srikanth [28] 

attempted the diffusion equation which includes the chemical reaction coefficients. An effort 

was made at this point to scrutinize the convective heat as well as mass transfer of Nanofluid 

through earlier period stretch sheet. Now in this chapter we discussed about free and forced 

convection heat transfer through a Nanofluid in two dimensions past stretching vertical plate.  

At the outset, the heating or cooling systems efficiency has increased by introducing nano 

fluid. But in practice cooling or heating systems are designed as free or forced convection 

systems. When porous medium is present in the flow region, the study of forced or free 

convection study is more relevant in real time systems. 

 

The focus of the present study is to analyze the effect of free and forced convection of 

copper-water nanofluid past a stretching sheet. Porous medium, Magnetic field and 
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temperature dependent heat source are considered. The governing equations are coupled and 

are solved numerically. 

 

2. Formulation of the Problem 

The main assumption governing the flow and heat transfer is as follows: 

 Consider Copper water nanofluid flow past a moving semi infinite flat plate.  

 The nanofluid flow was assumed in the x-direction. 

 Initially entire system is at rest. 

 This plate was assumed to be non-electrically conducted, exponentially stretched along x 

and y directions and move in the normal direction with a velocity [
0U ]. 

 Suppose the regular fluid and suspended Cu particle both are at thermal equilibrium and 

no slip occur between them. 

 Transverse magnetic field was applied uniformly. 

 It was assumed that magnetic field induced was lesser than magnetic field applied 

externally.  

 By taking surface temperature at constant value 
wT  and the ambient temperature T

 

where   
wT  > T

  

 The fluid is assumed  to follow the Boussinesq approximation 

The Cartesian co-ordinate system and also the geometry of the plate are shown in the 

following diagram. 

 

                                      Fig 1 Schematic diagram 
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3. Governing Equations 

The boundary layer equation governing the flow and temperature (Under the application 

of Bossinesq approximations as well as boundary layer approximations) as per above 

assumption are as follows 

0
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The boundary condition for this problem is as follows 
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Thermo-Physical properties were related as follows: 
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Here we introduced the following dimensionless variables as follows 
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Equations (2), (3) and (4) can be written in the following dimensionless form by using 

equations (6), (7), (8) 
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Where the corresponding boundary condition of equation (5) are written in the dimensionless 

form as follows 
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4. Solution to the Problem  

The differential equations from (9) to (11) were coupled and they are nonlinear. These 

equations are solved subjected to the boundary condition shown in (12). Domain considered 

is an infinite rectangular plate; the study is in two dimensions.  

For computational purpose the height of the plate is considered to be of 2 units and the width 

of the plate is to be of 1 unit.  To solve this system we used “ND Solve” tool in Mathematica 

10.4 

Local heat transfer rate is determined by Nusselt number ( Nu ) in dimensionless form and it 

was given by,  

 0
nf

f

k
Nu

k
 

 

5. Results and Discussion 

 The effect on various parameter such as Reynolds number ( R e ), solid volume 

fraction (  ), magnetic parameter ( M ), inclination angle of the plate (  ), heat source 

parameter ( Qh ) on governing parametersU , V  and   were exhibited in the graphs from 

Figures 2 to 16. This profile of every governing parameter is displayed for natural as well as 

forced convection by considering the   Ar  >>1 and  Ar  <<1.  

 

For computation we assumed two cases as Ar = 500 and Ar = 1/500 and the other parameters 

are treated as constants. The Prandtl Number ( Pr ) is kept as constant and it is 0.7 for water. 

The vertical velocity ( U ) and the temperature (   ) were calculated at y =1/2 level and the 

horizontal velocity ( V ) is presented at x =1 level.  

 

 
        

Fig.2 Profile of vertical velocity U with Re 
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Fig.3 Profile of vertical velocity U with φ 

 

  

Fig.4 Profile of U with M 

 
 

         Fig.5 Profile of vertical velocity U with Qh 
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Fig.6 Profile of vertical velocity U with γ  

 
Fig.7 Profile of V with Re 

 

Fig.8 Profile of V with φ 
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Fig.9 Profile of V with M 

 
 

Fig. 10 Profile of V with Qh 

 

Fig.11 Profile of V with γ 
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Fig.12 Profile of θ with Re 

 
Fig.13 Profile of θ with φ 

 

 
 

Fig.14 Profile of θ with M 
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Fig. 15 Profile of θ with Qh 

 

Fig.16 Profile of θ with γ 

 
 

The vertical velocity (U ) profiles are displayed from figures 2-6. The vertical flow is 

found more in natural convection than in forced convection for all variations. Movement of 

the plate accelerates the flow more in natural convection. Thus the movement of the 

boundary regulates the flow in forced convection case. From Fig.2 it is evident that the flow 

was directly proportional to the inertial force in natural convection and the flow is inversely 

proportional to the inertial force in forced convection. Fig.3 confirms that the solid volume 

fraction is always inversely proportional to the flow in both convections.  

But the flow retards gradually. From Fig.4 Lorentz force dominates the flow in both 

convections. Heat source is not much significant on flow in both convections, but it showed 

negative impact when it was increased (Fig.5). It was happened in the presence of metal 

particles which act as heat absorbers. So the Cu-water Nanofluid will be preferred in heat 

generating systems. From Fig.6 it is evident that the flow is inversely proportional to the 

stretching rate in natural convection and the flow is directly proportional to the stretching rate 

in forced convection. 
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The horizontal velocity (V ) profiles are displayed from figures 7-11. The horizontal 

velocity is found more in natural convection than in forced convection for all variations. The 

flow was found to be more near the base of the plate and retards from the base.  

From Fig.7, viscous force dominates the inertial force and hence the velocity 

enhances as Re  increases. From Fig.8 the presence of metal particle enhance velocity in the 

Brownian motion of the particle. It was further observed that variation of velocity is 

significant in forced convection than in natural convection. Fig.9 exhibits the reduction of 

velocity with Lorentz force in both the convections. But the variation of M  is not clearly 

significant in both convections. From Fig.10 the variation of V   with Qh   the heat source is 

slightly affecting the velocityV . It is found that the variation of Qh  reduces the velocity. 

From Fig.11 the variation of V with  , it is found that the increase of stretching rate enhances 

the velocity in both convections. 

 The temperature (  ) profiles are displayed from Fig.12-16. The temperature is 

significant for variation of different parameters in natural convection and on the other hand 

the forced convection was not showing significant variation of temperature. In Fig.12 the 

temperature increases with increase in inertial force. Fig.13 shows that solid volume fraction 

was inversely proportional to the temperature in natural convection and directly proportional 

in forced convection. It may happen due to agglomeration of metal particles. The flow retards 

with increase in Lorentz force retards temperature as per Fig 14. Interestingly by Fig.15 

increased heat source decrease the temperature in both convections. This occurs due to 

Copper Nano-particles of the fluids. The slight temperature reduction with increase in Biot 

number in both convections is observed from Fig.16. 
 

 

Ar=500 

Re φ M Qh γ Nu 

2 5% 5 5 0.05 7.09271 
5 5% 5 5 0.05 5.49932 

10 5% 5 5 0.05 3.80862 
5 2% 5 5 0.05 2.14513 
5 5% 5 5 0.05 5.49932 
5 10% 5 5 0.05 11.177 
5 5% 2 5 0.05 5.32875 
5 5% 5 5 0.05 5.49932 

5 5% 10 5 0.05 5.79725 
5 5% 5 2 0.05 4.99571 
5 5% 5 5 0.05 5.49932 
5 5% 5 10 0.05 6.32375 
5 5% 5 5 0.02 5.49816 
5 5% 5 5 0.05 5.49932 
5 5% 5 5 0.1 5.5013 

 

Table 1- Nusselt Number (Nu) for free convection 
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Ar=1/500 

Re φ M Qh γ Nu 

2 5% 5 5 0.05 11.0551 

5 5% 5 5 0.05 14.3218 

10 5% 5 5 0.05 17.5417 

5 2% 5 5 0.05 8.6691 

5 5% 5 5 0.05 14.3218 

5 10% 5 5 0.05 21.5525 

5 5% 2 5 0.05 14.017 

5 5% 5 5 0.05 14.3218 

5 5% 10 5 0.05 14.6208 

5 5% 5 2 0.05 13.7837 

5 5% 5 5 0.05 14.3218 

5 5% 5 10 0.05 15.194 

5 5% 5 5 0.02 14.3285 

5 5% 5 5 0.05 14.3218 

5 5% 5 5 0.1 14.3106 

 

Table 2- Nusselt Number (Nu) for forced convection. 

Tables 1 & 2 display the Nusselt number values with base of the plate. Thus rate of heat 

transfer in forced convection was more than counterpart with free convection. Inertial force 

reducing the heat transfer rate in natural convection but the enhancement of  Nu  observed in 

forced convection. The composition of metal particles enhances the heat transfer rate in both 

convections, which emphasizes the Nano-fluid significance. Lorentz forces enhance heat 

transfer rate slightly. Heat source obviously increase heat transfer rate in both convections. 

Thus rate of heat transfer was more when plate is stretched in free convection but no 

significance observed in forced convections. 

  

5. Conclusions 

1. Rate of heat transfer is more when plate stretched in free convection but no 

significance observed in forced convections. The increase of nano particle presence, 

increase of heat source enhances the heat transfer rate in forced convection than in 

free convection. This study reports that stretching parameter and nano particle 

concentration controls the heat transfer rate significantly. 

2. It is evident that the vertical flow is inversely proportional to the stretching rate in 

natural convection and the flow is directly proportional to the stretching rate in forced 

convection. 

3. The temperature is well controlled by stretch parameter and the nano particle in both 

convections. On the other hand heat source has significant effect in both convections.  
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